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Abstract

Background: The world’s survival ability has been threatened by the COVID-19 outbreak. The possibility of the virus
reemerging in the future should not be disregarded, even if it has been confined to certain areas of the world after
wreaking such havoc. This is because it is impossible to prove that the virus has been totally eliminated. This research
attempts to investigate the spread and control of the COVID-19 virus in Nigeria using the Caputo fractional order
derivative in a proposed model.

Results: We proposed a competent nine-compartment model of Corona virus infection. It starts by demonstrating
that the model is epidemiologically sound in terms of solution existence and unigueness. The basic reproduction
threshold R, was determined using the next-generation matrix technique. We applied the Laplace-Adomian decom-
position method to the fractional-order Caputo's derivative model of the Corona virus disease to produce the approxi-
mate solution of the model analytically. The obtained results, in the form of an infinite series, were simulated using the
MAPLE 18 package to investigate the effect of fractional order derivative on the dynamics of COVID-19 transmission

in the model and shed light on methods of eradication. The graphical interpretations of the simulation process were
shown and discussed accordingly.

Conclusions: The study reveals the effect of the Caputo fractional order derivative in the transmission dynamics of
the disease. Individual recovery was found to be greatest at an integer order, which represents the full implementa-
tion of other factors such as treatment, vaccination, and disease transmission reduction. Hence, we advised that
researchers, government officials, and health care workers make use of the findings of this study to provide ways in
which disease transmission will be reduced to a minimum to stop the prevalence of COVID-19 by applying the find-

ings of this study.

1 Background

The fatal Corona virus first emerged from Wuhan, China,
before the end of 2019. Severe Acute Respiratory Syn-
drome Coronavirus 2 (SARS-CoV-2) was found to be the
virus responsible for the illness, according to a medical
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agent’s investigation, and the World Health Organization
named the virus-caused ailment Coronavirus Disease
2019 (COVID-19) (WHO, 2020b). As of July 2020, there
had been more than 213 countries where this illness had
spread, resulting in a total of 15,969,465 infections and
643,390 fatalities. The illness takes two to fourteen days
to develop, and around 97.5 percent of affected peo-
ple reportedly show symptoms within days [1-4]. As
of June 4th, 2020, there were 11,516 confirmed cases in
Nigeria, with 323 fatalities [5]. Numerous authors have
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anchored research relating to the transmission dynamics
of COVID-19. To mention a few, research was presented
in [6, 7], where the dynamical behaviors of nonlinear and
linear COVID-19 transmission dynamics were studied.
In [8], research was conducted on the construction of a
mobile crowdsourced COVID-19 vulnerability map with
geo-indistinguishability. They propose a novel approach
to effectively construct a reliable community-level
COVID-19 vulnerability map based on mobile crowd-
sourced COVID-19 self-reports without compromising
participants’ location privacy, and the extensive simula-
tions of their results based on real-world data demon-
strate the proposed scheme’s superiority over the peer
designs in terms of estimation accuracy and reliability.
Mathematical modeling may be used to track the trans-
mission of infectious illnesses. When followed, the use of
mathematical principles and theory, as well as the work
flow, strategy, and expected results, can end the course of
illnesses. As a result, the biological sciences have become
more reliant on mathematical modeling in recent years.
To analyze the progression of illnesses, a number of
scholars have put forth various mathematical models. For
instance, [9] explored a deterministic model of an infec-
tious disease. The model was subjected to a numerical
procedure based on the differential transform (DTM).
The comparison between DTM and RK4 demonstrates
how trustworthy DTM is for resolving epidemic models.
A smoking model was proposed by the authors in [10].
Laplace Adomian Decomposition was used to exam-
ine the model’s solution, which converges quickly to
the specified precise solution. Numerical simulations of
the model were also run to better understand how the
parameters responded. The susceptible, infected, and
recovered epidemic model was solved in a study reported
in [11] using a powerful technique based on the gener-
alized Taylor series, known as the residual power series
approach. Convergence of the analytical approach for
the SIR model solution is in the form of a power series.
The graphical outcomes further illustrated the versatil-
ity of the residual power series strategy in solving a wide
range of real-world issues involving differential equations
of any order. A mathematical analysis of the rabies virus
was done in [12]. The authors claimed that it is difficult to
discover an exact solution for the model; therefore, they
used the homotopy perturbation approach to achieve an
approximation of the answer and compared their results
to those of the Runge—Kutta fourth-order method.
Numerical modeling is crucial for forecasting the pro-
gression of illnesses. To simulate these proposed math-
ematical models, it is frequently necessary to obtain
their solutions. Mathematicians frequently use numeri-
cal approximation techniques and transformation pro-
cedures, such as the Laplace Adomian decomposition
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method pioneered by [13], to achieve the analytical solu-
tion of complex mathematical models because it is chal-
lenging and occasionally impossible to do so.

For instance, researchers in [14] investigated the poly-
tropic sort, which is important in Newtonian astro-
physics, and used the Elzaki transform homotopy
perturbation approach (ETHPT) in their strategy to solve
the nonlinear Emden—Fowler model. They also used the
homotopy disturbance approach to manage the nonlinear
term with ease. For the purpose of modeling a nonlinear
biological reaction model, the Laplace transform method
was utilized in [15] to provide an approximate solution.
They asserted that the applicable method, which can be
used to solve any linear or nonlinear differential equa-
tion, is the most intriguing and straightforward approach
that yields remarkably accurate results. In [16], nonlinear
Rubella Sickness Tributes are unwound using a numeri-
cal approach. The SVLPT’s quality is demonstrated. The
limited contrast system is used to understand the condi-
tion’s game strategy. The mathematical model is provided
to attest to the steadfast quality and sufficiency of the
specified technique. Advancing research, the numerical
solution and dynamical behaviors of a fractional non-
linear Rubella disease model were studied in [17]. They
proved the existence and stability of the solution of the
fractional order model. The optimal control of the model
and the numerical technique for the simulation of the
control problem were also discussed.

Fractional calculus is a branch of mathematics that
studies the properties of non-integer order integrals and
derivatives (also known as fractional derivatives and inte-
grals, or fractional integrals and fractional derivatives,
respectively). This topic focuses on the concept of and
strategies for solving differential equations with fractional
derivatives of an unknown function (called fractional dif-
ferential equations). The origins of fractional differential
equations may be traced back to the invention of classical
calculus in a letter Leibniz wrote to L'Hospital in the year
1695, when the notion of a semi-derivative was proposed.

Researchers in fractional calculus look at the charac-
teristics of non-integer-order derivatives and integrals.
Numerous applications from various researchers have
been extensively reviewed. In [18], a fractional differen-
tial system in a restricted domain of the classical control
theory approach for a differential system with a time delay
was investigated. It takes into consideration the FOCP, or
fractional optimum control problem. This same fractional
optimal control was extended by [19] for problems involv-
ing variable-order differential systems. In research pre-
sented in [20], a time-fractional model of HIV-I infection
of CD4" T lymphocyte cells in an uncertain environment
was studied. First, the fractional fuzzy HIV-I model is
converted to an interval-based fuzzy differential equation
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by using the single parametric form, and they applied the
fractional differential transform method to solve the cor-
responding fractional model, obtaining the required solu-
tion in terms of intervals. The analysis of the dynamics of
phytoplankton nutrient and whooping cough models with
a nonsingular kernel arising in the biological system was
studied in [21]. The Atangana—Baleanu derivative was
used in the fractional-order model to examine the phy-
toplankton nutrient and whooping cough models. The
existence and uniqueness of the solution of these models
were shown using the fixed point theorem, and the solu-
tions for the fractional-order models are obtained using
the perturbation transform method, namely HPETM.
Detailed simulations are carried out to show the effect
of fractional order. Investigation of a new modeling and
existence-uniqueness analysis for Babesiosis disease was
carried out in [22], advancing in the study and applica-
tion of fractional calculus. A fractional epidemiology
model of the disease and processes of Babesiosis trans-
mission specified in the fractional derivative sense is used
to model and analyze the transmission of this parasite,
treat this parasite, and deal with this essential issue. The
propagation of Babesiosis mechanisms is studied using
the Caputo—Fabrizio (CF) derivative. Also, a SIR epidemic
model of childhood diseases through fractional operators
with Mittag—Leffler and exponential kernels was studied
n [23]. They applied the homotopy perturbation Elzaki
transform method to obtain the solutions of the epidemic
model of childhood diseases involving time-fractional
order Atangana—Baleanu and Caputo—Fabrizio deriva-
tives and Their study revealed that the method offers a
rapidly convergent series solution. A research project pre-
sented in [24] on the nonlinear fractional tumor-immune
model is solved using the reduced differential transform
technique. In the Caputo sense, the fractional derivative is
described. This approach yields straightforward and very
precise solutions. The signal flow diagram of the model
reveals the model. Additionally, a simulation of the system
using MATLAB’s Simulink is provided.

In the studies presented in [25] for variational inequali-
ties, the problem of fractional optimal control is taken
into account. The fractional time derivative is considered
in the Riemann-Liouville definition. The existence and
uniqueness of a class of fractional differential variational
inequalities are investigated in a Sobolev space. For a frac-
tional variational inequality in a constrained domain with
Dirichlet and Neumann boundary conditions, a solution
is demonstrated. Controls have restrictions imposed on
them. For the quadratic performance functional in the
fractional Cauchy problem, we construct the required and
sufficient optimality requirements. Examples include the
description of the adjoint issue and the first-order opti-
mality criterion for the Euler—Lagrange equation.
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In order to stop the COVID-19 pandemic, control
methods relating to health care that may be imple-
mented, such as isolation, quarantine, and travel restric-
tions, were presented in [6]. To better understand the
dynamical behavior of nonlinear COVID-19 models, two
techniques, namely the homotopy perturbation method
(HPM) and the modified reduced differential transform
approach, were used. According to their findings, social
exclusion of those who may be afflicted is a power-
ful tool for halting the spread of the fatal virus. In [26],
a new Corona virus mathematical model and dynam-
ics are presented, and a brief description of the interac-
tions between bats and unidentified hosts, then between
people and the infection reservoir (the seafood market),
is given. The formulated model is then used to create a
fractional model that is numerically solved and produces
graphical results that can help reduce infection.

As a motivation for this study, there is a need for a
dependable strategic procedure capable of containing
the spread of the COVID-19 virus in Nigeria to reduce
the pressure exerted by the first wave of the COVID-19
pandemic on the country’s struggling health care sys-
tem because of the risk posed by the second wave of the
COVID-19 virus. We modified a mathematical model
presented in [27] by formulating its derivative to be of
Caputo fractional order and adding a vaccinated com-
partment in order to analyze the effect of the fractional
order derivative and vaccination of individuals in track-
ing the spread of COVID-19 transmission. Following
that, we demonstrate the model’s fundamental character-
istics, which are the validity of its existence and unique-
ness, and establish its basic reproduction number. Finally,
LADM was used to obtain the analytical solution, and we
examined the effect of the Caputo fractional order deriv-
ative on its classes and parameters using the Laplace-
Adomian decomposition method.

2 Preliminaries

2.1 Fractional calculus

Here, some fundamental definitions and properties in
fractional calculus applicable in this paper will be given.

Definition 1 A real function p(x), » > 0, is said to
be in the space C,,, u € R if there exist a real number
m > u such that p(x) = x™ p1 (x). where p1(x) € C(0, 00),
and it is said to be in the space Cj if and only if
p™ e Cy neN.

Definition 2 The Riemann-Liouville fractional
integration of order n > 0 of a positive real function
pox) e C,, u>—1 x> 0isdefined as:



Yunus et al. Beni-Suef Univ J Basic Appl Sci (2022) 11:144

t
I"p®) = 15 [ @ — )" p(x)dx Such that °p(x) = p(x).
0

The following properties hold for fractional integral
operator I" for p(x) € Cy, > —1 n,a >0and > —1:
1. I"%p(x) = 1" p(x),
2. I'I"p(x) = IIP p(),
r 1

=0 7 B
Fh+B+1)

Definition 3 The Caputo fractional derivative of a posi-
tive real function p (x) given as D7 p(x) is given by.

t
Do) = gy [ 6 = 0" P 1o (0)de For n—1 <y
0

<m, mneN, t>0,pec",.

The following property holds for fractional inte-
gration of the Caputo fractional derivative. For
n—1l<n<mn neN, gec”,, u>—1Then

n—1 k
_ &>
I"D"p(x) = p(x) — kzzjo P )(O)E

2.2 Laplace transform
In this section, we give some basic properties of the Laplace
transform method as applied in the article.

Definition 4 Let ¢(¢) be a function defined for all posi-
tive real number ¢ > 0.

i. The Laplace otoransform of ¢(t) is the function
9(s) s @(s) = [ e p(t)dt
0

ii. The Laplace transform of function ¢(¢) with

order n is defined as L[g"(¢)] = Llp(t)]
—a"1p(0) — " 29/(0) — " 3¢11(0) - - -
iii. The inverse Laplace transform of %% g

s

t
L1 = [o(p)de
0

Definition 5 The Laplace transform of the fractional
integral and derivatives for o > 0 is defined as:

LD p)] = L] riiy a5 fi @ — 0" p ()]
2.3 Adomian decomposition method

Definition 6 The Adomian polynomials denoted by
Ao, A1, ... Ay consists in the decomposition the unknown
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function y(¢) in a series of the form y(¢) = yo +y1 + 72
+ - - -y, can be expressed as:

n

GO y#

j=0

1 d”
ndi”

Ay =

=0

2.4 Existence and uniqueness of solution
Theorem 1 Let

’
% =f1(x1,%2,%3, . . . Xy, 1), %1 (to) = %10
x2 :ﬁ(xli x2’x3! .. ~xn: t)’xZ(tO) == x20

’
X3 =fé(xl,x2:x3, - X t);xZ(tO) = x30

X, = fu(X1,%0,%3, . . . Xy t), %, (t0) = x,0

Suppose D is the region in (n+ 1) dimensional space (one
dimension) for t and n dimension for the vector x, if the
partial derivative I wherei = 1,2,3,...nare continuous
inD = {(x,t) : \t —to\ < a,\x —x9\ < b then there con-
stant § > 0 Such that there exist a unique.
Continuous vector x = [x1(t), x2(¢),x3(t), . ..x,(t)] solu-
tion in the interval \t — ty\ < 4.

2.5 Stability analysis

Lemma 1 Suppose x is an equilibrium point of a
time-invariant system i.e., X is an equilibrium point of

X (&) = f(X(@)).

For a precise definition of stability, it is convenient to
introduce the notation S(X, R) to denote a spherical region
in the state space with center at x and Radius R.

Definition 5 An equilibrium point ¥ is stable if there
exists Rg > 0 for which the following is true. For every
R < Ry there exist r. 0 < r < R,such that X(0) is inside
S(X, R),when X (¢) is inside S(X, R) for all t > 0.

Definition 6 An equilibrium point ¥ unstable if it is not
stable. Equivalently, x unstable Ry > 0 for which the fol-
lowing is true. For every R < Ry there exist . 0 <7 < R,
such that X(0) is inside S(X,R),when X(¢) is inside
S(X,R) forallt > 0.
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3 Methods

The suggested model’s composition is described in this
section. A nonlinear mathematical model is constructed
and tested to investigate the influence of transmission
coefficient and other epidemiological factors on the
dynamic transmission of COVID-19 virus. Consider the
deterministic mathematical model employing the Corona
virus illness model to have a better grasp of the Corona
virus disease model.

The total population is given as:

N(t) =S@) + V(¢) + E(t) + 1(t) + P(t)

+A(t) + H(t) + R(t) + F(b). (1)

A vulnerable population member is someone who is at
risk of developing a disease. Owing to the recruitment of
active persons or the birth of individuals, the proportion
of susceptible rises at rate rho, whilst the population falls
due to natural mortality.

KU (O)S(®) + KoH (8)S(t) + K3P()S(2). @)

if the infection’s propelling force, then the population’s
rate of change is
determined by

s
—4 =T =)~ K(OS@) + KHOS(@) )

+ K3P()S(t) + oV ().

It calculates coefficient of individual human-to-human
transmission.

People who have received the COVID-19 vaccina-
tion are included in the Vaccinated population. The
population of vaccinated people grows with the rate
of recruiting vaccinated people and decreases with the
rate of vaccination death, where is the rate of vaccina-
tion loss.

Rate of change of vaccinated population is thus given
by:

dv ()
dt

=7p — (0 +8,)V(t). (4)

The population of Exposed (E) individual is a member
of a population generated through infection of suscepti-
ble that infected but not yet infectious, exposed individ-
ual increase through the infection of susceptible by the
force of infection KyI(£)S(t) + KoH (£)S(¢) + K3P(t)S(t)
and decrease individual leaves the exposed class at «.

The, changing rate of the vaccinated individual is given
by:
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L6 _ K (8)S(t) + KoH (S () + KsP(#)S(t) — kE(2).

dt
(5)
A person who displays symptoms of the COVID-19 virus
is deemed symptomatic and infectious, and their chance of
catching the virus from another person increases as a result
of exposure. Both natural mortality and disease-related
mortality caused by infected persons have a detrimental
influence on this population.
dI(t)
rraie kPLE() — val (t) — y1d () — 811(t). (6)
A Super-Spreader is a member of the population who
has the virus and is more likely to distribute it to others. As
more people are exposed to the virus through human-to-
human transmission, the population rises. Individuals are
also being reduced due to natural death rates and disease-
related mortality rates caused by sick persons.
% = kp2E(t) — (Va + y1)P(t) — 51P(2). (7)
The population of Infectious but Asymptomatic indi-
viduals is a member of a population that does not show
symptoms of COVID-19 virus at all, They increased by the
infection progression at a rate (1 — p; — p3) which causes
the development of symptoms by exposed individual (x)
becoming asymptomatic, This population decreases as a
result of induced deaths from disease and natural death
due to infected individual (§;), Hence

# =«(1— p1 — p2)E(®). (8)
t

The population of the Hospitalized individual is a mem-
ber of the population that show symptoms of COVID-
19 Virus, symptomatic and super-spreader individual
becomes hospitalized at rate (y,). This population increase
by the individual exposed to the virus that is human-to
human transmission of symptomatic and super-spreader
individual and also decreased by natural and disease-
induced death rate due to infected individual (§;), Hence

dH (¢)
de

=IOYa +PO)ya—vH@) —8,HE). (9)

The population of recovered individuals is a member of
the population who recovered from the disease; this pop-
ulation rose at the rate of recovery without being hospi-
talized and decreased as a consequence of the efficacy
rate of recovering in hospitalized patients.
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% =71(1 — p) — KLI)S(t) + Ko H(t)S(t) + K3P(£)S(t) + oV (£),
PO = 7p — (0 +8)V (@),

O = KIOS(@) + KH(6)S() + KsP(1)S(t) — kE(t),

YO = kprE(®) — val (1) — 11 (t) — 511(2),

LD = kpE(t) — (va + yD)P() — 81P(D),

G =k~ p1— pE),

YD = Ity + P(t)ya — HEYr — H(E)S),

RO — y1(t) + 1P — HO yr,

4D = 511(2) + 8,P(t) + 8,H(2) + 5,V (£).

(10)
-8 g, =1 =& 1
where K1 = §, K = 7 and K3 = % (Table 1).
3.1 Existence and uniqueness of solution
Theorem 1: Let
z1 = g1(21,22,23, . . . Zus £), 21 (f0) = Z10
zy = g2(21,22,23, . . . Zn, ), 22(k0) = 220

!
z3 = g3(21,22,23, . . . Zn, t), 22(t0) = 230

/

z, = gn(21,22,23, . . . %ns t), 2,,(t0) = Zno

Table 1 Variables and parameters descriptions

S(t) Susceptible population at given time t
V(t)Vaccinated population at given time ¢
E(t) Those that were exposed at given time t

I(t) Symptomatic and infectious individuals in the population at given
timet

P(t) Super-spreader population at time given t

A(t) The infected but asymptomatic population at time t
H(t) Hospitalized population at time t

R(t) Recovering population at time t

F(t) Dead or fatality class population

7 Recruitment rate

Kil(t)S(t) + KoH()S(t) + K3P(t)S(t) is force of infection
B Measures human-to-human transmission coefficient
/3' Measures transmission coefficient of a super-spreader
I measures the relative transmission risk of hospitalized individuals
k the rate in which people leave the exposed class

p The rate at of recruiting the vaccinated individual
 The rate of losing the vaccination

8, The death rate due to the vaccination

p1 fraction of change from exposed class to symptomatic

2 Comparatively less people become super-spreaders when they are
exposed

1 — p1 — pz from the exposed to the asymptomatic class

yq the standard hospitalization rate for symptomatic super-spreader
individuals

y1, ¥ Hospitalized recovery rate

8i, 8p, 8y Infected, super-spreader, and hospitalized populations'relative
disease-related death rates
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Let R be the vector’s area dimensional space (one
dimension), if the partial derivative.

dg .
I where i=1,2,3...n are
N ={(z,t) : |t — ty| < a,|z — zo| < b then there constant
8 > 0 Such that there exists a unique continuous vector
solution z = [z1(t), z2(t), z3(t),...z,(¢)] in the interval
|t — ol <.

Let:

continuous in

&= % =n(l—p)— KiI@)S®) + K2H()S()

+ K3P(1)S(t) +wV (1),

dv
@= g =70 — (@+8)V),

& = % = KiI()S(t) + K2 H(£)S(t)

+ K3P(#)S(¢) — kE(2),

dr

g =g, =kmE®) =yl (©) =il () =81l (1), 11)
dr

g = T = kp2E(t) — (Ya + Y1)P(t) — 51P(2),
da

g6 =— =«(1l—p1 — p)E®),

dt

dH
g = = 1O7a+ PO)ya — veH(®) — 5,H (),

dt

dr
8= g =IO +nPW)—yHE),

dF
== 811(8) + 8pP(8) + 0pH (8) + 6,V (B).
(S@®), V() E@),1(2), P(t), A(t), H(2), R(£), F(£)) : IS — Sol < a,
R=q V-Vl <blE—-El=<c|l-I|<dI|P-DP=<e
|A — Aol <f,|H — Hol =g IR—Rol < I |F - Fol < i

The solution to the model is unique, taking partial deriva-
tive to obtain the following;

ds
g =g =m0 =p) = KUOSE) + KH(©)S(8)
+ K3P()S(t) + 0V (2).
8g1 3g1 8g1 8g1
- _Oy eyl |(1)|, | =Y |
S Vv oE al
_ og1| ‘ /| |0g1
=I=Bl 35| = o4
0 0 el
= 0,25 = |-1p],| 22| =0, 22 =0
oH oR oF

Also, taking partial derivative of the second function

ie.,
& = (iT‘t/ =mp — (v + 8,) V (¢) to obtain the following;



Yunus et al. Beni-Suef Univ J Basic Appl Sci (2022) 11:144 Page 7 of 15

g 0 g (w4 8))] g Taking partial derivative of eighth function i.e.,
as | = U lav | T I T E g = & =y (I(t) + P(£)) — y,H(2) yield following;
0, 0, )
=0, 22 =0,| 22| =0,| 2 ds| _ o |des| _, [2ms] _ |2
83 g s as |~ oV oF ol
=05 | =58 | =% |3z| =° — Il | 28| o, 228
aP ST IR FY7;
Similarly, taking the partial derivative of the third = |- 3g8 —0, 0gg —0
function i.e., g3 = & — K11()S(t) + KoH()S(2) + K3P(£)S(t) — KE(), oR oF

to obtain the following;
Finally, taking the partial derivative of ninth function.

% (@+38,)], |2 9&| _ g, ie, go = % = 811(t) + 8,P(t) + 8, H(t) + 8,V (t), yield
@g9 dg9 3g9
| _ g, dga —0, ’3g3 ags —0, )dgg _0o the following; 31: E = [61l,
P | — - o 3g9 c)gg dg9 3g9 ng
Similarly, takmg the partial derlvatlve of fourth function =0, ‘ = =0,
Le. & ) Because the partial derivative exists, it is continuous and
8= g = KP1E(®) = val (t) 4+ y11(t) — 611(2) to obtain bounded, as shown in Theorem 1.
the following; The problem has a unique solution, showing that it is
og| o og| o g g mathematically and biologically properly stated.
as | lav| |9E I . _
9 9 3.2 Basic reproduction number
= |—(ya+ 1) — 81, o8| _ =0, 084 In mathematical epidemiology, one of the core issues is to
opP A establish the threshold condition that governs whether or
_0o 08| _ 0 9| _ 0 9ga| _ 0 not an infectious disease may spread in a susceptible popu-
"|0H | OR | OR lation which is defined as basic reproduction number.
Let,
Tal(ing the partial derivative of the fifth function i.e.,
g5 = dt = kpE(t) — y,P(t) — 1 P(t) — §1P(¢) to obtain
the following;
0 0 0 d 0 0 0 0
35| _ o |28s| _ o |28s| _ g 0gs| _ o | 08s| _ o (08| _ o |28 | _ | 0%s| _, |8s| _ g
aS A% oE ol op A oH R oF
9gs 9gs 0gs 0gs | _ ng 3g5 9gs 0gs 9gs
v ) =0, - =|- =0, =0,|=|=0, =0
2S oV oE | = b | op| = "0t 2A oH oR OF
Taking the partial derivative of sixth function i.e.,
_da _ _ _ . — 0 B I8 B
8 = ‘g = k(1 — p1 — p2)E(2) yield the following; 00 0 0
Taking the partial derivative of seventh function i.e., F= 00 0 o |
@ =Y = () + yaP(t) — v, H(t) — 8,H(t) yield the 00 0 0
following; K 0 0 0
v=| ¥, Yatr1)+61 0 0
@ :Q,@ :O,@ :0,@ | ke 0 0 Va+yv1)+81
aS A4 oE al 0 Ya 1+ Y1
— val, g7 _ &) _ |2
Yabl9p| = """ 54 oH
0 0
= 087 —o, g7 -0
oR oF

R — 1B(kp1)(Va + y1 + 8p)Va + (Va + 1 + 8p) (kp) (¥r + 8p) + B(kp2) (Va + Y1) + 81) (¥r + 8p) + Bl(kp2) (Vo + y1) + 61)
0 K (Va + 71+ 89) Va + 01 (Va + 71 + )
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3.3 Application of Laplace Adomian decomposition SO =3 S VO =3 Ve EO =3 Enb©) =3 Pl = 3 1
methOd n=0 n=0 n=0 n=0 n=0

We derive the Caputo fractional-order derivative by sub- o o o o

stituting it for the derivative in the mathematical model A0 = ZOA”’H ® = ZOH”’R(” = ZOR"’F @ = ZOF "

for fractional-order of coronavirus disease shown in (10), " " " . (15)

so we obtain (12)

DuS(t) = (1 — p) — KiI()S () + KoH(H)S(t) + KsP(H)S(t) + oV (B),
‘D2V () =mp — (w+8,)V (@),

CDUBE(t) = KiI(£)S(t) + KoH (H)S(t) + K3P(£)S(¢) — kE(D),

‘D*I(t) = kp1E{t) — (Yo + yDI() — 811(2),

‘D% P(t) = kp2E(t) — (Yo + y1)P(2) — 81P(2), (12)
‘D*A(t) = k(1 — p1 — p2)E(2),

DYH(t) = val(t) + vaP () — yrH(t) — §,H (1),
‘D*R(t) = 1) + y1P(t) — yrH(2),

SDYF(t) = 811(t) + 8,P(t) + 8,H (£) + 8,V (£).

Initial ~condition So =1, Vo =ny,Ey =n3,Io =14,  The nonlinear term involved are 1(£)S(), H(®)S(t),
Py = ns5,Ag = ne, Hy = n7,Ro = ng, Fo = no. P(£)S(t) can be written as
where °D*0 < « < 1represent Fractional order deriva-

tive of Caputo and o indicate time-fractional derivative. 1OS(t) = iM H®)S@) = ZCX: Q, and P()S(t) = z(x: W,
By taking Laplace transform on the system given in (12), pord s =

we get (16)

L{ED*'S(8)} = L{n (1 — p) — K1 (®)S(t) + Ko H (£)S(2) + K3P(£)S(t) + 0V (D)},
LDV ()} = L{np — (w0 + 8,)V (1)},

LIED®E(t)) = LIK I (£)S(8) + KaH (£)S(t) + K3P(1)S(t) — KE(2)),

LIED*1(t)} = L{kp1E(t) — (Yo + yDI(t) — 811(1)},

L{ED*P(£)} = L{kp2E(t) — (va + v1)P () — 51P(D)}, (13)
L{*D%A(t)} = L{k (1 — p1 — p2)E@)},

LI DY H(t)} = L{y, (I (¢) + P(t)) — yrH(t) — 8,H (8)},
LIED*R(8)} = L{in (&) + P(1)) — yrH(D)},
L{°*D*F(t)} = L{Sll(t) + 8pP(t) + 8,H (L) + 6y V(t)}.

By definition of Laplace transform, we obtain

§M8§(t) — SU71S(0) = L{m(1 — p) — K11 ()S(t) + KoH(£)S(t) + K3P(t)S(t) + wV (1)},
S2V () — 8§21V (0) = L{np — (w0 + 8,)V (@)},

SBE(t) — SBLE(0) = L{KI(£)S(t) + K2H (£)S(t) + K3P(£)S(t) — kE(t)},

SeI(t) — S*1(0) = L{kp1E(t) — (va + yDI(t) — 811 (1)},

§%P(t) — S%LP(0) = L{kpaE(t) — (va + yD)P(t) — 812 (1)}, (14)
S%A(t) — S*%7LA(0) = L{k (1 — p1 — p2)E(®)},

STH(¢) — S H(0) = L{ya((t) + P(t)) — v:H(t) — 8,H (1)},
SUBR(£) — SUTIR(0) = L{y1(I(¢) + P(t)) — v-H (D)},

SOF(t) — S™LF(0) = L{811(t) + 8,P(t) + 8,H() + 8,V (6) }.

Assumed that, the method gives an infinite series solu- where My, Q,, W, are Adomian polynomial given by
tion such that:
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1 4 " o
_ hall k n Vi=@mp — (w+8)ny) —.
Mn—F(n+1)dt ZMKZASk]z 1= (mp — (@ +3)) Z)F(az—i—l)
Lk=o0 k=0
1 dn [ " 193
Q="+ Z AKH Z},"Sk A (17) 1 = (Kingm + Konyny + Kznsny — kng) ————.
F(n+1)det = = (a3 +1)
1 &, &
Wy=——""—7"7-— A Px inSk A s
’ P(n+1) dt _12 kgo I = (kp1n3 — (Yo + y1)na — 51”4)m~
Substitute Egs. (15), (16) and (17) into (14), we obtain:
as
S@t) =" + s Lin(1 — p) — KMy + K3Qu + K3 Wy + 0Vis}, Py = (kpan3 — (Yo + y1)ns — 81n5)m.
V() =% + g Lizp — (0 +8,)Val, °
E(t) = % + qz LIKiMy, + K2Qu + KsWy, — kEn),
1) = % + s L{cprEn — (va + yDIn = 81}, Ar = (1 — o1 — o))
P(t) = ™ + = L{kcorEn — (va + y1)Pn — 812,), 1= W =pr=pIms) mo =y
A() = "¢ + g Lic(1 — p1 — p2)En},
H(t) =2 + gz L{yay + Py) — yrHy — 8,H,}, sar
R(t) = % + g L{y1Un + Py) — viHa), Hi = (Ya(na + ns) — ypn — 8yny) ————.
F() = 4+ o L{810y + 8,y + 84Hy + 8,V }. [la7 +1)
(18)
To obtain the solution of each compartment, we iterate
term in Eq. (18). Thus, taking the Laplace transform inverse
gives General formula for the model:
S 11 M Q W,
S Sut® =17 [t {m 1= ) = e 15 — 5 + oV},
n=
o0
> Vit () = L7 gy Limp — (@ + )Vl
n=0
x ’
> Eni(® = L7 et { % + 18 + 8% — .},
no=00 X
S Int1 () = L7 G Lo En = (va + y)ln = 8111},
n=0
o
S Past(®) = L7 | deLikpaEn — (va + 7)Pu — 8184}, (19)
n=0
o0
S Anpr()) = L7 e Lle(L = o1 = p2En}),
n=0
o0
S Husr(6) = L[S Llvalln + Pa) = yiHo = 84113,
n=0
o0
Ru1(®) = L7 g LU + Po) = v Ha},
n=0
o0
> Fua () = L7 [ oL {811y + 8, + 4y + 8,V }].
n=0
The followings were obtained from (19); o8
1= (1(na +ns) — yrn7)F7.
So=m, Vo= nZ,yEO = n3,lo = ng, Py = ns, (g + 1)
Ao = ne, Ho = n7,Ro = ng, Fo = no.
£
= (8 1) 1) 8 _
o ( 1114 + 8pnis + 87 + 8yn3) T+ 1)

81 = (r(1 — p) — Kingny — Kanyny — Kznsn; + wnz)m-
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t20(1
So=|mn(1—p)—Ki|(ng)(w(1 — p) — Kingny — Konyny — Kznsn; ny) ———
2 {( 0) 1[(4)(( P) 114711 21711 35’+w2)1“(2a1+1)
tﬂl1+ﬂt4
+(n1)(kp1n3 — + yi)ng — dng) ———
(1) (kp1n3 — (Vo + y1)na — 81 4)F(a1+a4+1)]
r t2a1
— Ky |(my)(m (1 — p) — Kingny — Konyny — Ksnsn; ny) ————
2_(7)(( Q) 11411 27N 35’+w2)F(2a1+1)
tortaz
+(n ny + ns) — yyn — Spyny) ——M8M—
(11) (Va(ng + ns) — yr h 7)F(a1+a7+1)
- t20{1
— K3 |(n5)(m(1 — p) — Kingny — Konyny — Ksnsn; + wng) ————
3_(5)(( P) 11471 21711 3n51; + 2)1“(20114—1)
a1tas ta1+a2
n1)(kpang — ns — 8115) ——— w(mp — (w~+ 6)ny) —|.
+(n1) (kp2n3 — (Ya + y1)ns — 81 S)F(a1+a5)} +ow(mp — (0+6) Z)Sazﬂ}
Va = (70 — @+ 8,) (1P — @+ S)p) praes
2= — (@+8)(mp — (0 +8)n) . Ry = n3 — ny — 811g) ————————
v M) E ey + 1) 2=MN {(Kpl 3— (Ya+y1)ng — 61 4)F(a4+a3+1)
ta5+a3
a3+oy +(kpan3 — (Vo + y1)ns — S145) —————
I = (kp1(Kinany + Konyny 4+ Ksnsny — K}’lz)ti (a5 +ag+1)
F(Olg + o4 + 1) tot7+0(3

204
_ _ S ——
(Va + y1)(kp1n3 — (Vo + y1)na — d114) T 20 7 1)
2004
_5 -  Sung)——
1(kp1n3 — (Va + y1)na — 8114) Fus+ 1)
t¥3tas

Py = (kpy(Kinany + Konyny + Kznsny — kny)

205
J— - - 8 T'(as + 1)
(a + Y0023 = (a + 72005 = 8115) o~
205
—s - o) R 1)
1(kp2n3 — (Va + y1)ns — 8115) I'(2as + 1)

Az = k(1 — p1 — p2)(Kingm + Kanzny + Kznsny — kng)

193 +ag

F(a3+a6+1)'

ta4+0(7
Hy = Kp113 — +yoms = dina) g
2 = Ya((kp1n3 — (Vo + y1)Ha — 81 4)[‘((x4—l-067‘|‘1)
ta5+a7
_ ) T Lo L1
+ (kpan3 — (Vo + Y1)n5 — 8175) C(as + a7 + 1))
t2a7
— - - 8 T(20- + 1)
Vr(Va(na +ns) — yrn — 8yn7) F2a7 +1)
t2a7
_s - = W7 S
h(Va(na + ns) — yrn — dyn7) I'Qay +1)

F(az +as5+1)

— ng + ns) — yym — Spyny) ———.
Vr(ya( 4 5) Yr h 7)F(O{7+O{3+1)

tot2+0t9
F,=6,(p—(w—+6)ny) —————
2 v — ( v) 2>F(0l2+0l9+1)
tot4+0t9
+81(kp113 — (Vg + Y114 — 11g) —————————
1(kp1n3 — (Yo + y1)ng — 61 4)F(a4+oe9+1)
tol5+019
8,(kpan3 — ns — 81ng) ——————
+ 8p(kpons — (Yo + v1)n5 — &1 5)F(a5+a9+1)
197t

+ 6 Mg + ns) — ypm — Spyny) ————.
1 (Va(na + ns5) — yr h7)F(a7+a9+1)

3.4 Results
Evaluating the obtained results using the following
parameters;
1879813
S() == T, V() = 20, E() = 0,10 == 10,
Py=1,A0=0, Hy=0, Ry =0, Fp = 0.

B =255 [=156 B =765 k=025 p =0.58
02 = 0.001, Ya = 0.94, y1 =027, ¥ = 0.5,
S1=1% S1=4o On=q K =12765957451071°,

Ky = 199148936210~ 10, K3 = 3.82978723310710, w = 2,
7 =30,0=0.5,6§ =2
We obtain the following series solution of arbitrary order:
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5 54.,9998169t* 92.00000233¢2
S =1.10562235310° +
Mao+1) 'Qa+1)
31.0t% 105.80£%*
V =0.05—-
MNoe+1) T'QRax+1)
- 0.0001835111565¢“ 0.0001252054271¢2
- C(a +1) ['Qa +1)
0.0001769440349¢2
'Q2a+1)
=10 12.53478261t% 15.18599669¢2%
o Fae+1) ['Qa+1)
P—1 1.253478261t% 1.571207797t%
o Fa+1) ['Qa+1)
_ 0.00001922279364.¢%*
N I'2a + 1)
_ 0.94¢% 8.240530432¢2¢
S T(@+1) ['Qa+1)
susceptible individual S(t)
110660
1106404
2
§
& 1106204
A
1106004
110580
0 02 04 06 08 1
Time
0.=0.85 === 0,=095 = o=
Fig. 1 Plot shows the behavior of S(t) at different values of fractional
order a
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Vaccinated individual V(t)

301

20 4
'g 20
E:
o
8

104

04

0 02 04 06 08 1
Time
0.=0.85 0.=095 = o.=1

Fig. 2 Plot shows the behavior of /1) at different values of fractional
order a

297
T T(a+1)

4.19283043612
Qo +1)

_ 6.478260870t"  21.43971644¢>*
- T+ [Qa+1)

Exposed individual
0.00018 1
0.00016 1
0.00014 1
0.00012 1

0.00010 1

Exposed

0.00008
0.00006 -
0.00004

0.00002

0 02 04 06 08
Time

—

0. =085 0.=095

Fig. 3 Plot shows the behavior of E(t) at different values of fractional
order a

o =1
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Symptom atic and infecti ous individual I(t) Asymptomatic individual A(f)
101
10.000025
94
2 10.0000204
Q
g <
® 8 g .
- g 10.000015
s B
KSR Y
87 < 10000010
b
5
61 10.000005-
54 i 10.000000 , r - T \
s T T y 1 0 02 04 06 08 1
0 02 04 06 08 1 Time
Time
- - o =075 o.=085 o=1
o.=0385 0.=095 o=1
. ) - ) Fig. 6 Plot shows the behavior of A(f) at different values of fractional
Fig. 4 Plot shows the behavior of /(t) at different values of fractional order a
ordera
Sper-spreader individual P(t) Hospitalized individual H(t)
1.01 101
0.9 5
=~ 64
= 3
3 081
5 5
I 54
0.6
04
05 . i i . ——/ - : . , :
0 02 04 06 0.8 1 0 02 04 08 08
Time Time
=075 =085 o=1| ®=075 =085 o=1
Fig. 5 Plot shows the behavior of P(t) at different values of fractional Fig.7 Plot shows the behavior of H(1) at different values of fractional
order a order a

3.5 Numerical simulation

To analyze the impact of Caputo fractional order in
the model’s compartment, we conduct numerical sim-
ulation by varying the order at « = 0.75, « = 0.85 and
a = 1. The outcome of simulation process is presented
graphically and discussed.

4 Discussion

Figures 1, 2, 3, 4, 5, 6, 7, 8 and 9 illustrate that the frac-
tional order Corona Virus Disease model has a larger
degree of freedom than a traditional derivative-based

model. Another interesting point to note is that we pre-
dicted relatively low starting values; therefore we used a
short time period.

As shown in Figs. 3, 7, 8 and 9, the starting data for
longer time intervals should be sufficiently large to
ensure that the population under consideration is not
negative. Figures 10, 11 and 12 depict the combined
plots of the solutions of S(£), V(¢), E(¢), I(¢), P(¢), A(t), H(
t), R(t), F(t), and k (the rate at which a on each compart-
ment). Figure 10 shows that the vulnerable population
has decreased significantly in susceptible individual and
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significant increase on other compartment. Another
observation from Figs. 11 and 12 is that assuming the
initial value of (k) is large then small interval time used.
More so, all compartments take the curves from zero
increase significant on the slopes.

5 Conclusion

In a similar but different study presented in [10],
the numerical solution of fractional order smoking
model was obtained via Laplace Adomian decomposi-
tion method. In their results, they discussed that the

Recoveryindividua R(t) .
54 1.4x10° /
1.2 x10°1 /
4 1.x 1054 /
5 5 //
) & 8.x10°1
3 g )
3 S 6.x10° /
4.x10°1 / /
;o 02 04 06 08 ' el / /
Time ——_—__“7(»‘. /_//
0 e e S e e S
=075 0.=085 = o =1 0 5 10 15 20
Fig. 8 Plot shows the behavior of R(t) at different values of fractional ) Time
Fig. 10 Displays the effectof kon S, V, £, I, P, A, H, R, F
order a
Fatality individual F(f) '
114
2. %109 '
104 ‘
9-
1.5 % 10° ‘
: -3
s s !
£ 3 |
% 1. x 10° 4
£ f ]
6-
7 5 x 10% 1 i//!]
0 02 04 06 038 1 0 : _d.// A _
Time 0 5 10 15 20
Time
=075 0.=085 o=l Fig. 11 "Effect of k' (Rate at which individual leave the exposed class
Fig. 9 Plot shows the behavior of F(1) at different values of fractional onS,V.EI,PA H R F
order a

fractional order model has more degree of freedom
and therefore can be varied to get various responses of
the different compartments of their model. They used
small interval of time to avoid negative population of
the classes which will not be realistic. They stated that
for larger time interval, the initial data should be taken
large so that the concerned population may not be
negative. In our Research, we verified the existence and
uniqueness of the model and applied this same Laplace
Adomian decomposition method which proved to be
effective in computing the solution of the proposed
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5.x 1081 l

1.x 108 ’

[

% 1084 {

{
2% 1084 F
///

7/
0 1 2 3 4 5 6
dime
Fig. 12 Effect of k (Rate at which individual leave the exposed class
onS V.ELPAHRF

POPULATION
w

1.x 108

mathematical models as it produced an unconditionally
convergent solution potent of capturing the dynamics
of coronavirus disease as seen in our numerical simula-
tion. As observed in some of the presented graphs, neg-
ative values of the population will be observed if time is
increased. As a result, we equally postulate that larger
values of initial data should be used for further research
if longer time period will be investigated. More so, the
validity of the model will be established if real data are
applied to conduct the numerical simulations as there
are high possibilities to examine the behavior of each
classes of the model due to potential increase in time.

5.1 Recommendations

Although the Caputo fractional order derivative and
Laplace Adomian decomposition method proved
effective and potent for understanding the dynam-
ics of transmission and computing the solution of the
proposed system in this study, we recommend that
interested researchers in field extends the theory of frac-
tional calculus to the advance the research by numeri-
cally simulating the effect of other fractional derivatives
such as the Atangana—Baleanu and Caputo—Fabrizio
using other numeral numerical methods such as the
homotopy perturbation method or the Homotopy anal-
ysis method on the mathematical model using real data.
Also further studies could be carried out by splitting the
vaccination compartment into two to analyze the effect
of first and second doses in the population, respectively.
The first dose was used in this study, whereas the second
dose can be used in future studies. In disease control,
the vaccination compartment is crucial.
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exposed-symptomatic-super-spreader-infectious-hospitalize-recovered-death;
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