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Abstract 

Background Following a financial loss in trades due to lack of risk management in previous models from market 
practitioners, Fisher Black and Myron Scholes visited the academic setting and were able to mathematically develop 
an option pricing equation named the Black–Scholes model. In this study, we address the solution of a Caputo 
fractional-order Black–Scholes model using an analytic method named the modified initial guess homotopy pertur-
bation method.

Methodology Foremost, the classical Black Scholes model relaxed for European option style is generalized to be 
of Caputo derivative. The introduced method is established by coupling a power series function of arbitrary order 
with the renown He’s homotopy perturbation method. The convergence of the method is demonstrated using 
the fixed point theorem, and its methodology is illustrated by solving a generalized theoretical form of the fractional 
order Black Scholes model. The applicability of the method is proven by solving three different fractional order Black–
Scholes equations derived from different market scenarios and its effectiveness is confirmed as feasible series of arbi-
trary orders that accelerate fast to the exact solution at an integer order were obtained. The computation of these 
results was carried out using Mathematica 12 software. Subsequently, the obtained outcomes were utilized in Maple 
18 software to conduct a series of numerical simulations. These simulations aimed to analyze the influence of the frac-
tional order on the dynamics of payoff functions regarding the share value as the option approached its expira-
tion date under varying market constraints. In all three scenarios, the results showed that option values decrease 
as the expiration date approaches the integer order. Furthermore, the comparative outcomes reveal that Caputo 
fractional order derivatives control the flexibility of the classical Black–Scholes model because its payoff curve exhibits 
more sensitivity to changes associated with market characteristic parameters, such as volatility and interest rates.

Recommendations We propose that the results of this work should be examined and implemented by mathemati-
cians and economists to better comprehend the influence of Caputo-fractional order derivatives in understanding 
the dynamics of option price evolution of financial assets.
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1  Background
Options constitute one of the most frequently traded 
financial assets. The Black–Scholes model is an option 
pricing model that was proposed by Black and Scholes in 
[1, 2] and Merton in [3, 4]. This model showed the sig-
nificance of mathematics in finance. It is a second-order 
parabolic partial differential equation that is often used 
to compute the theoretical values of financial options 
based on market features such as stock price, risk rate, 
strike price, and volatility rate.

Many researchers have contributed to the understand-
ing and implementation of the Black–Scholes model in 
mathematical finance. For example, the authors of [5] 
investigated the numerical solution of the Black–Scholes 
model. They explored the comprehensive history of 
Black–Scholes model’s, discussed the parameters of the 
model and their functions, and provided a numerical 
approach capable of determining the model’s outcome. 
Their findings, which showed convergence with the pre-
cise value, were presented and discussed. A numerical 
method for pricing double-barrier options in a time-
fractional Black–Scholes model was provided in [6] and 
an approach suitable for computing the exact solution 
of Black Scholes model was studied in [7]. The stabil-
ity and convergence of the proposed numerical scheme 
were shown using Fourier analysis, and the results veri-
fied the method’s usefulness in solving the Black–Scholes 
model. The dynamics of option pricing were explored in 
[4] using a modified Black–Scholes-Merton model for 
option pricing. In their work, they constructed a con-
formable model that allows additional flexibility for mar-
kets, and an empirical application is carried out.

Fractional calculus has recently piqued the interest 
of contemporary academics, especially in the modeling 
of phenomena like diseases and financial theories. This 
is primarily because it introduces greater flexibility, 
imparts a long-term memory effect, and lends a more 
realistic dimension to these phenomena [8–11]. Among 
the several fractional operators in use, notable ones 
include the Riemann–Liouville [12, 13], Caputo [14, 
15], Caputo–Fabrizo [16], and Atangana–Baleanu [17] 
operators. These operators serve as versatile tools for 
exploring fractal and chaotic phenomena character-
ized by non-local kernels [18]. An in-depth discussion 
of these properties, advantages, and disadvantages of 
these operators can be found in [19], which provides 
several significant results of studies concerning a frac-
tional optimal control problem in systems with time-
delay arguments. Similarly, the results provided in [20] 
on fractional optimal control for variable-order differ-
ential systems give supportive insights on the efficacy 
of mathematical modeling using these derivatives. The 
impact of Caputo-fractional operators on financial 

asset option pricing is of special interest in this study. 
The original Black–Scholes model, which was estab-
lished using the classical derivative, may be insufficient 
for examining the behavior of financial asset option 
prices over time. It is imperative that, for better predic-
tion of future asset price movements, attention be paid 
to the repeated patterns and trends observed in finan-
cial data. In [21], there is empirical evidence backing 
the repeated patterns and trends in financial markets as 
associated with fractional order derivatives. As a result, 
to generalize the derivative of the traditional Black–
Scholes model, researchers usually employ a non-local-
ized derivative, such as the Caputo fractional operator 
proposed by [13] and implemented in [22].

Mathematicians frequently research alternate tech-
niques for obtaining the fractional-order Black–Scholes 
model’s solutions because it is often challenging to obtain 
the exact solution of the model analytically. Numer-
ous researchers have utilized a variety of numerical 
approaches and strategies to obtain an approximate solu-
tion to the fractional-order Black–Scholes model. The 
homotopy perturbation method proposed in [23] is a 
prime example of this approach. This method has been 
widely employed by different researchers ever since its 
emergence. For example, [24] modified and applied the 
homotopy perturbation method to obtain the approxi-
mate solution of fractional order Korteweg-De Vries 
equation. The method proved effective and their results 
showed rapid convergence to the exact solution. In [4], 
this same homotopy perturbation method was applied 
on a fractional order Black–Scholes model described in 
Caputo sense. It yields an analytic solution in the form 
of a convergent series with readily computed compo-
nents. Also, a numerical computation of fractional Black 
Scholes equation arising in financial market was pre-
sented in [25]. In their research, they applied the homot-
opy perturbation method and homotopy analysis method 
to solve fractional order Black Scholes Model and both 
methods proved to be highly effective as they both pro-
duce convergent series results. This homotopy pertur-
bation approach was also applied in [26] to achieve an 
approximate analytical solution to a fractional-order 
Integro-differential equation. Their research indicated 
that the homotopy perturbation approach is a conver-
gent and easily computable method for solving linear 
and non-linear fractional order models originating from 
application areas. A conformable fractional modified 
homotopy perturbation approach was employed in the 
study [27] to solve a novel European call option model. 
Their results showed that the proposed method is an effi-
cient and powerful technique for finding approximate 
solutions to the fractional Black–Scholes models, which 
are considered conformable.
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Although several studies on techniques for solving the 
fractional order Black–Scholes model have been pub-
lished, the majority of the methods are not stable and are 
limited to different constraints. This motivates the neces-
sity of providing an unconditionally stable and reliable 
method of solving the fractional-order Black–Scholes 
model in this study. Hence, we proposed a modified ini-
tial guess homotopy perturbation method [24, 28–30], 
which is a simple and effective analytical method to solve 
and investigate the behavior of the components associ-
ated with modern option pricing theory while utilizing 
less computational effort.

Thus consider the following fractional-order Black–
Scholes differential equation.

For an European option, the solution of (1) as explained 
in [31, 32] is defined to be f (S, t) = max

{
f
∗
, 0
}
 . This rep-

resents the worth (contingent claim) of the asset where 
f
∗
= ±ς(S − E) and ς = ±1 respectively stands for the 

European call and put option prices. The stock price is 
denoted with S, E = Ke−r(T−t) embed parameters K, r, T, 
t representing the strike price, the riskless rate, the matu-
rity date and the strike time of the option respectively. 
Expression (f

∗
, 0)+ signifies the maximum value between 

f* and zero. And the standard deviation (volatility rate) 
denoted by σ is a normally distributed parameter.

An alternative form of the classical order Black–Scholes 
model presented in [33, 34] was derived using the follow-
ing transformation:

Such that

Which yields

Modifying (3) by generalizing the classical integer order 
operator using the Caputo fractional order operator we 
obtain:

(1)

∂α f (S, t)

∂tα
+ rS

∂f (S, t)

∂S
+

1

2
σ 2S2

∂2f (S, t)

∂S2
− rf (S, t) = 0

(2)
S = Eex,
f (s, t) = Ev(x, t)

2τ = (T − t)σ 2






∂f

∂t
= −E

σ 2

2

∂v

∂τ
,

∂f

∂S
=

E

S

∂f

∂x
,

∂2f

∂S2
= −

E

S2
∂v

∂x
+

E

S2
∂2v

∂x2

(3)

∂v(x, t)

∂t
− (m− 1)

∂v(x, t)

∂x
−

∂2v(x, t)

∂x2
+mv(x, t) = 0

(4)∂αv

∂tα
− (m− 1)

∂v

∂x
−

∂2v

∂x2
+mv = 0

where m =
2r
σ 2 represents the equilibrium of the free 

interest rate and stock market volatility [35].

1.1  Basic definitions
We discuss some essential features of fractional calcu-
lus applied in this study here.

Definition 1 A real function ψ(x), for x > 0, exists in 
the space δν , ν ∈ R if a real number k > ν exists such that 
ψ(x) = xkψ1(x) . Where ψ1(x) ∈ δ(0,∞) , and ψ(x) is said 
to exists in space δαv  if and only if ψ(α)

∈ δν ,α ∈ N .

Definition 2 The Riemann–Liouville fractional inte-
gration of order γ ≥ 0 for a real positive function 
ψ(x) ∈ δν , ν ≥ −1 x > 0 is defined as:

The Riemann–Liouville fractional integral operator Iγ 
for ψ(x) ∈ δν , ν ≥ −1 γ ,α ≥ 0 and β ≥ −1 satisfies the 
following properties:

1. Iγ Iαψ(x) = Iγ+αψ(x),

2. Iγ Iαψ(x) = IαIγ ψ(x),

3. Iγ tβ =

Ŵ(β+1)
Ŵ(γ+β+1)

tγ+β .

Definition 3 For a positively defined real function 
ψ(x) ∈ δν , the Caputo fractional derivative can mathe-
matically be expressed as;Dγ ψ(x) = 1

Ŵ(α−γ )
x

0

(x − t)α−γ−1ψ(α)(t)dt, α − 1 < γ ≤ α, α ∈ N .

The Caputo fractional derivative is a sort of regu-
larization in the time origin for the Riemann–Liouville 
fractional derivative.

Lemma Let T > 0 : u ∈ ([0,T ]), p ∈ (m− 1,m),m ∈ N

and v ∈ c
′([0,T ]) . Then for t ∈ [0,T ] the following prop-

erties hold:

And

Iγ ψ(x) =
1

Ŵ(γ )

x∫

0

(t − x)γ−1ψ(t)dt.

D
p
+
v(t) =

d

dt
I
1−p
+

v(t)

D
p
+
I
p
+
v(t) = v(t)

I
p
+
D
p
0 = u(t)−

m−1∑

k=0

t4

k!
u(k)(0)

lim
t→0+

D
p
0u(t) = lim

t→0+
I
p
+
u(t) = 0
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Is the so called right fractional Caputo derivative which 
represents the future state of the function ψ(t). For more 
details on definitions and properties we refer to [19, 20, 
36].

Theorem  1 Suppose there exist a contracting nonlin-
ear mapping γ : δ → ζ specify on two Banach spaces, δ, 
ζ for all µ, ν ∈ δ , then �γ (µ)− γ (ν)�ζ ≤ τ�µ− ν�δ , for 
0 < τ < 1 such that the sequence µk+1 = γ n(µ0) = γ (µ0) 
for some µ0 ∈ δ which converges to a unique fixed point γ 
[37].

Proof Consider the Picard sequence µk+1 = γ (µk) ⊆ ζ 
we want to show that μk is convergent in ζ for all r ≥ k

�µk − µr� ≤

∥
∥µk − µk+1

∥
∥
+

∥
∥µk+1 − µk+2

∥
∥
+

∥
∥µk+2 − µk+3

∥
∥

+ · · · +

∥
∥µk−1 − µr

∥
∥.

The proof is defined by using mathematical induc-
tion on the contractive property of (C) such that ∥
∥µk − µk+1

∥
∥
≤ τ k�µ0 − µ1� . By implication, 

lim
r→∞

�µk − µr� ≤
τ k

1+τ
�µ0 − µ1� = 0 as k → ∞.

This proves that (μk) is Convergent in ζ and through 
completeness of ζ, we can find � ∈ ζ : lim

k→∞

(µk) = � ∈ ζ . 
Clearly, the continuity of γ is ensured by the contraction 
(C). Thus � = lim

k→∞

µk+1 = µr.

2  Methods
2.1  Applied algorithm
In this section, we present the algorithm used to approxi-
mate solutions for the Black–Scholes model.

Algorithm 

1. Define the Black–Scholes Model:

• Define the input parameters: current stock price 
(S), strike price (K), time to expiration (T), risk-free 
interest rate (r), volatility (σ), and option type (call 
or put).

• Determine whether dividends are involved in the 
model.

2. Create an Initial Guess Functional for the Option 
Price:

• Construct an initial guess functional for the option 
price given by  u(x, t) = �0 + �1t + �1t

2
· · ·

Dγ ψ(t) =
1

Ŵ(1− γ )

T∫

t

(x − t)−γ ψ ′(s)ds

3. Repeat until convergence:

a. Evaluate the Black–Scholes Model using the Ini-
tial Guess Function to obtain the first approxima-
tion λ1t

b. Construct a He’s Homotopy Perturbation Cor-
rectional Functional which corrects the initial 
approximation to a more accurate estimate.

c. Evaluate the correctional functional with the first 
approximation to obtain the next approximation

d. Compute subsequent approximations using the 
previous approximations

e. Check for Convergence such that 
|un+1(x, t)− un(x, t)| is less that a predefined 
accuracy threshold ε

4. If the solution does not converge:

• Output "Not Convergent."
• Go to 3(d)

5. If the solution converges:

– Output the approximate option price:
– End.

 This algorithm presents a systematic process for 
estimating option prices by employing the Black–
Scholes model and the modified He’s homotopy 
perturbation method, and it concludes upon 
achieving a converged result. Figure  1 illustrates 
the algorithm’s sequential flow, as depicted below.

 

2.2  Homotopy perturbation method
The following non-linear differential equation may be 
used to explain the basic methodology of He’s homot-
opy perturbation method:

Subject to the boundary condition:

Δ represents the general differential operator, B stands 
for the boundary operator, β(μ) is an analytic function 
and Γ is the boundary operator in the domain Ω. We can 
separate operator Δ into two parts:

where ℓ and η denote the linear and nonlinear operator 
respectively. (7) into (5) yields

(5)�(v)− β(µ) = 0, µε�.

(6)B(v, vn) = 0, µεŴ.

(7)�(v) = ℓ(v)+ η(v).
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We can construct a homotopy for (5):

simplifying (9) yields;

where p is an embedded parameter which undergo defor-
mation process of changing from 0 to 1.

At p = 0,

(8)ℓ(u)+ η(u)− β(µ) = 0.

(9)
H(u, p) = (1− p)[ℓ(u)− ℓ(v0)]+ p[�(u)− β(µ)] = 0,

(10)
H(u, p) = ℓ(u)− ℓ(v0)+ pℓ[u0]+ p[η(u)− β(µ)] = 0.

At p = 1,

We assume a power series solution as follows:

Such that the approximate solution of (3) is:

(11)H(u, 0) = ℓ(u)− ℓ(v0) = 0,

(12)H(u, 1) = �(u)− β(µ) = 0.

(13)
u(x, t) = u0(s, t)+ pu1(s, t)+ p2u2(s, t)+ · · · pnun(s, t),

(14)

lim
p→1

u(s, t) = u0(s, t)+ u1(s, t)+ u2(s, t)+ · · ·un(s, t).

Define the Black 
Scholes Model

Construct an 
Initial Guess 

Function

Desired accuracy 
achieved?

Check for convergence 
of solution

Evaluate the Black Scholes Model using the Initial guess 
function to obtain the first approximation

Construct a He’s homotopy perturbation 
correctional functional

Evaluate the correctional functional with the first approximation to obtain 
the next approximation

Compute subsequent approximations using 
the previous approximation

Converges

Output the 
approximate 

result

No

Yes

Not Convergent

End
Fig. 1 Flow chat of the algorithm
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The convergence of this series has been proved in [23]. 
Substituting (13) into (1212) and equating coefficients of 
equal powers of p,

The approximate result of each iteration is obtained by 
solving (13).

2.3  Modified initial guess homotopy perturbation method
In this section, we illustrate the methodology and 
implementation of the proposed modified initial guess 
homotopy perturbation technique to achieve the 
approximate solution of a generalized fractional order 
black Scholes model (FOBSM) in (1) given by:

Subject to initial condition:

We can construct a correctional functional using the 
modified initial guess homotopy perturbation method:

(15)

p0:u0 − β(µ) = 0,

p1:u1 −H(u0) = 0,

.

.

.

pn:un −H(u0,u1,u2,u3, . . . ,un−1) = 0.






(16)

∂α f (s, t)

∂tα
+ rs

∂f (s, t)

∂s
+

1

2
σ 2s2

∂2f (s, t)

∂s2
− rf (s, t) = 0,

f (s, 0) = max{s − ke−rT
, 0} =

{
s − ke−rT , s > ke−rT

0, otherwise
.

(17)f (s, t) = f (s, 0)+

∞∑

n=1

�nt
nα
, 0 < α ≤ 1.

Substituting the initial condition 
f (s, 0) = max{s − ke−rT , 0} into (17),

From 188), �1tα = f1(s, t), �2t
2α

= f2(s, t), and so on.
As an assumed solution of (1), Eq.  (18) must satisfy 

(1) with unique values of �1, �2, �3, . . . �n . Thus we evalu-
ate these values, by obtaining the following derivatives:

Evaluating (16) using (19),
�1Ŵ(α + 1)+ rs − rmax{s − ke−rT , 0} = 0.
Suppose max{s − ke

−rT , 0} = (s − ke
−rT )+ , then 

�1Ŵ(α + 1)+ rs − r(s − ke−rT ) = 0.
Such that �1Ŵ(α + 1)+ kre−rT

= 0 ⇒ �1 = −
kre−rT

Ŵ(α+1)
.

Which yields the first approximation result

Now we can construct a homotopy for (16) such that

 Simplifying (21),

We can assume a series solution for (22) such that

Evaluating (22) with (23) and comparing coefficients of 
equal powers of pn, n ≥ 2 we obtain:

Evaluating coefficient of p2 with f1(s, t) = −
kre−rT

Ŵ(α+1)
tα,

(18)
f (s, t) = max{s − ke−rT

, 0} + �1t
α
+ �2t

2α
+ · · · �nt

nα
.

(19)
ft(s, t) = �1Ŵ(α + 1)+ �2

Ŵ(2α + 1)

Ŵ(α + 1)
tα + · · · ,

fs(s, t) = max{1, 0} = 1,

fss(s, t) = max{0, 0} = 0.

(20)f1(s, t) = −

kre−rT

Ŵ(α + 1)
tα .

(21)(1− p)
∂α f (s, t)

∂tα
+ p

(
∂α f (s, t)

∂tα
+ rs

∂f (s, t)

∂s
+

1

2
σ 2s2

∂2f (s, t)

∂s2
− rf (s, t)

)

= 0

(22)

∂α f (s, t)

∂tα
+ p

(

rs
∂f (s, t)

∂s
+

1

2
σ 2s2

∂2f (s, t)

∂s2
− rf (s, t)

)

= 0

(23)
f (s, t) = f0(s, t)+ pf1(s, t)+ p2f2(s, t)+ p3f3(s, t)+ · · · pnfn(s, t)

(24)p2:
∂α f2(s, t)

∂tα
+ rs

∂f1(s, t)

∂s
+

1

2
σ 2s2

∂2f1(s, t)

∂s2
− rf1(s, t) = 0,

p3:
∂α f3(s, t)

∂tα
+ rs

∂f2(s, t)

∂s
+

1

2
σ 2s2

∂2f2(s, t)

∂s2
− rf2(s, t) = 0,

.

.

.

pn:
∂α fn(s, t)

∂tα
+ rs

∂fn−1(s, t)

∂s
+

1

2
σ 2s2

∂2fn−1(s, t)

∂s2
− rfn−1(s, t) = 0,
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Applying integral operator Iα to both sides 
of (25), return the second approximation 
f2(s, t) = −

kr2e−rT

Ŵ(2α+1)
t2α . Similarly, consequent 

approximations can be computed for such that 
f3(s, t) = −

kr
3
e
−rT

Ŵ(3α+1)
t
3α
, f4(s, t) = −

kr
4
e
−rT

Ŵ(4α+1)
t
4α
, f5(s, t)

= −
kr

5
e
−rT

Ŵ(5α+1)
t
5α , etc.

Such that the nth approximation yields fn(s, t) = −
kr

n
e
−rT

Ŵ(nα+1)
t
nα.

Thus, the approximate solution fn(s, t) = f0(s, t)

+f1(s, t)+ f2(s, t)+ · · · fn(s, t) yields

Such that

Which yields

At α = 1, 
∑

∞

q=0
(rtα)q

Ŵ(qα+1)
= ert.

Such that (28) becomes:
f (s, t) = s − ke−r(T−t) which is the exact solution of 

(16) as discussed in [38].

2.4  Convergence of solution
We investigated the convergence of the modified initial 
guess homotopy perturbation technique on the solution 
obtained for (16). This convergence is only based on con-
traction of S such that:

(25)

∂α f2(s, t)

∂tα
+

kre−rT

Ŵ(α + 1)
tα = 0,⇒

∂α f2(s, t)

∂tα
= −

kre−rT

Ŵ(α + 1)
tα .

(26)
fn(s, t) =s − ke

−rT
−

kre
−rT

Ŵ(α + 1)
t
α

−

kr
2
e
−rT

Ŵ(2α + 1)
t
2α

· · · −

kr
n
e
−rT

Ŵ(nα + 1)
t
nα

(27)fn(s, t) = s − ke−rT

(

1+
rtα

Ŵ(α + 1)
+

(rtα)2

Ŵ(2α + 1)
+

(rtα)3

Ŵ(3α + 1)
· · · +

(rtα)n

Ŵ(nα + 1)

)

(28)fn(s, t) = s − ke−rT
n∑

q=0

(rtα)q

Ŵ(qα + 1)
.

�µ0 − µe� ≤ �S0 − Se� =

∥
∥
∥s − ke−rT

− (s − ke−rT
· kert)

∥
∥
∥ = ke−rT

∥
∥ert − 1

∥
∥

�µ1 − µe� = �S0 + S1 − Se� = ke−rT
∥
∥ert − 1− rt

∥
∥
≤ �µ0 − µe�,

�µ2 − µe� ≤ �S0 + S1 + S2 − Se� = ke−rT

∥
∥
∥
∥e

rt
− 1− rt −

r2t2

2

∥
∥
∥
∥ ≤ �µ1 − µe�,

�µn − µe� ≤ �S0 + S1 + S2 + · · · Sn − Se� = ke−rT

∥
∥
∥
∥e

rt
− (1+ rt +

r2t2

2
+ · · ·

rntn

n!
)

∥
∥
∥
∥ ≤ �µn−1 − µe�,

�µn − µe� ≤ ke−rT

∥
∥
∥
∥
∥
ert −

(
∞∑

n=0

rntn

n!

)∥
∥
∥
∥
∥
≤ �µn−1 − µe�,

Clearly, 
∑

∞

n=0
rntn

n! = ert , therefore �µn − µe�∞ ≤ ke
−rT

∥
∥kert − ke

rt
∥
∥
∞

= 0 . Thus, the contraction of µn(x, t) to μe 
as n → ∞ generated by the modified initial guess homot-
opy perturbation method assures that the method con-
verges unconditionally to the exact solution.

3  Applications
This section discusses the applications of the modified 
initial guess homotopy perturbation method in the con-
text of the Black–Scholes equation under various market 
constraints.

Problem  1 Compute the European call option of a 
financial asset with drift r = 5

8
 and volatility rate σ =

1
2
 

modelled with the following Caputo fractional order 
Black Scholes equation:

Subject to initial call option

We can compute the European call option value of the 
model by applying the modified initial guess homotopy 
perturbation method. Thus a correctional formula can be 
constructed such that

Evaluating (31) using (30) yields:

(29)

∂α f (s, t)

∂tα
+

5

8
s
∂f (s, t)

∂s
+

1

8
s2
∂2f (s, t)

∂s2
−

5

8
f (s, t) = 0,

(30)f (s, 0) = max

{
s3, 0

}
= (s3)+.

(31)f (s, t) = f (s, 0)+

∞∑

n=1

�nt
nα
, 0 < α ≤ 1.

(32)f (s, t) = s3 + �1t
α
+ �2t

2α
+ · · ·
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 Such that

 Evaluating (29) with (33), at t = 0;

Which yields:

Such that

 To obtain the subsequent approximations, we can con-
struct a homotopy for (29):

simplifying (30) yields

 Substituting (23) into (37) and comparing the coeffi-
cients of pn, n ≥ 2 , we obtain:

 And so on. Evaluating (39) using (36) we obtain

Applying integral operator Iα on (42) yields the second 
approximation obtained as:

(33)
ft(s, t) = �1Ŵ(α + 1)+ �2

Ŵ(2α + 1)

Ŵ(α + 1)
tα + · · · ,

fs(s, t) = 3s2,

fss(s, t) = 6s.

(34)

�1Ŵ(α + 1)+
5

8
s(3s2)+

1

8
s2(6s)−

5

8
(s3 + �1t

α) = 0,

(35)�1Ŵ(α + 1)+ 2s3 = 0,⇒ �1 = −

2s3

Ŵ(α + 1)
.

(36)f1(s, t) = �1t
α
= −

2s3

Ŵ(α + 1)
tα .

(37)
(1− p)

[
∂α f (s, t)

∂tα

]

+ p

[
∂α f (s, t)

∂tα
+

5

8
s
∂f (s, t)

∂s

+

1

8
s2
∂2f (s, t)

∂s2
−

5

8
f (s, t)

]

= 0,

(38)

∂α f (s, t)

∂tα
+ p

[
5

8
s
∂f (s, t)

∂s
+

1

8
s2
∂2f (s, t)

∂s2
−

5

8
f (s, t)

]

= 0,

(39)
p2:

∂α f2(s, t)

∂tα
+

5

8
s
∂f1(s, t)

∂s
+

1

8
s2
∂2f1(s, t)

∂s2
−

5

8
f1(s, t) = 0,

(40)
p3:

∂α f3(s, t)

∂tα
+

5

8
s
∂f2(s, t)

∂s
+

1

8
s2
∂2f2(s, t)

∂s2
−

5

8
f2(s, t) = 0,

(41)
p4:

∂α f4(s, t)

∂tα
+

5

8
s
∂f3(s, t)

∂s
+

1

8
s2
∂2f3(s, t)

∂s2
−

5

8
f3(s, t) = 0.

(42)

∂α f2(s, t)

∂tα
−

4s3tα

Ŵ(α + 1)
= 0, ⇒

∂α f2(s, t)

∂tα
=

4s3tα

Ŵ(α + 1)
.

Similar to second iteration we can evaluate (40) with (43) 
to obtain the third approximation:

Applying integral operator Iα on (44) yields the second 
approximation obtained as:

Subsequent approximations are  wisely computed using 
Mathematica 12 software package such that,

Such that the approximate solution

Such that

The integer solution can be obtained when α = 1:

Now, modified initial guess agrees that:

Thus, at an integer order the exact payoff value for the 
European call option in (29) is:

Problem 2 Consider a financial asset with a free inter-
est and stock market volatility rate equilibrium specified 

(43)f2(s, t) =
4s3t2α

Ŵ(2α + 1)
.

(44)

∂α f3(s, t)

∂tα
+

8s3t2α

Ŵ(2α + 1)
= 0, ⇒

∂α f3(s, t)

∂tα
= −

8s3t2α

Ŵ(2α + 1)
.

(45)f3(s, t) = −

8s3t3α

Ŵ(3α + 1)

(46)

f4(s, t) =
16s3t4α

Ŵ(4α + 1)
, f5(s, t) = −

32s3t5α

Ŵ(5α + 1)
, · · ·

(47)

f (s, t) =

∞∑

n=0

fn(s, t)

= s
3
−

2s
3
t
α

Ŵ(α + 1)

+

4s
3
t
2α

Ŵ(2α + 1)
−

8s
3
t
3α

Ŵ(3α + 1)

+

16s
3
t
4α

Ŵ(4α + 1)
+ · · · (−1)n

s
3(2tα)n

Ŵ(nα + 1)

(48)f (s, t) =

∞∑

n=0

fn(s, t) = s3

(
∞∑

n=0

(−1)n(2tα)n

Ŵ(nα + 1)

)

.

(49)f (s, t) =

∞∑

n=0

fn(s, t) = s3
∞∑

n=0

(−1)n(2t)n

Ŵ(n+ 1)
.

lim
n→∞

fn(s, t) = f (s, t),

(50)f (s, t) = s3e−2t
.



Page 9 of 19Alaje et al. Beni-Suef Univ J Basic Appl Sci           (2023) 12:93  

by m = 5. Modeled using the Caputo fractional order 
black Scholes model,

Subject to initial condition

By modified initial guess, we construct the correctional 
functional:

Substituting (52) into (53), we obtain

Equation  (54) is applied in evaluating (51) such that we 
obtain:

Evaluating (55) at t = 0, and simplifying, we obtain:

Such that

Constructing a homotopy for (51) to obtain subsequent 
approximations,

Evaluating (58) with (23) and comparing the coefficients 
of pn, n ≥ 2 , we obtain:

And so on. The second approximation can be obtained by 
evaluating (59) with (57):

(51)∂αv(s, t)

∂tα
−

∂2v(s, t)

∂s2
− 4

∂v(s, t)

∂s
+ 5v(s, t) = 0

(52)v(s, 0) = max{es − 1, 0} = (es − 1)+

(53)
v(s, t) = v(s, 0)+ �1t

α
+ �2t

2α
+ �3t

3α
+ · · · , 0 < α ≤ 1.

(54)
v(s, t) = (es − 1)+ �1t

α
+ �2t

2α
+ �3t

3α
+ · · · , 0 < α ≤ 1.

(55)
�1Ŵ(α + 1)− es − 4es + 5(es − 1+ �1t

α
+ �2t

2α
+ · · · ) = 0

(56)�1Ŵ(α + 1)− 5 = 0 ⇒ �1 =
5

Ŵ(α + 1)
.

(57)u1(s, t) = �1t
α
=

5tα

Ŵ(α + 1)

(58)
(1− p)

[
∂αv(s, t)

∂tα

]

+ p

[
∂αv(s, t)

∂tα
−

∂2v(s, t)

∂s2

−4
∂v(s, t)

∂s
+ 5v(s, t)

]

= 0

(59)
p2:

∂αv2(s, t)

∂tα
−

∂2v1(s, t)

∂s2
− 4

∂v1(s, t)

∂s
+ 5v1(s, t) = 0,

(60)
p3:

∂αv3(s, t)

∂tα
−

∂2v2(s, t)

∂s2
− 4

∂v2(s, t)

∂s
+ 5v2(s, t) = 0,

(61)
p4:

∂αv4(s, t)

∂tα
−

∂2v3(s, t)

∂s2
− 4

∂v3(s, t)

∂s
+ 5v3(s, t) = 0.

Applying the integral operator Iα on both sides of (62) 
yields the required approximate value:

The third approximation can similarly be computed by 
evaluating (60) using (63) such that,

Operator Iα can be applied on both sides of (64) to obtain 
the third approximation such that

Repeating the iterative procedure, the following results 
are achieved as successive approximations:

Such that the approximate solution v(s, t) = v0(s, t)+

v1(s, t)+ v2(s, t)+ · · · vn(s, t) yields

Taking the sum, we obtain

The integer solution can be obtained at α = 1:

The modified initial guess approach agrees that:

Thus at an integer order, the exact solution of the Frac-
tional order Black Scholes model in (51) is:

(62)

∂αv2(s, t)

∂tα
+

25tα

Ŵ(α + 1)
= 0, ⇒

∂αv2(s, t)

∂tα
= −

25tα

Ŵ(α + 1)

(63)v2(s, t) = −

25t2α

Ŵ(2α + 1)

(64)

∂αv3(s, t)

∂tα
−

125t2α

Ŵ(2α + 1)
= 0, ⇒

∂αv3(s, t)

∂tα
=

125t2α

Ŵ(2α + 1)

(65)v3(s, t) =
125t3α

Ŵ(3α + 1)

v4(s, t) = −

625t4α

Ŵ(4α + 1)
, v5(s, t) = +

3125t5α

Ŵ(5α + 1)
, · · ·

(66)

v(s, t) =

∞∑

n=0

vn(s, t) =e
s
− 1+

5t
α

Ŵ(α + 1)

−

25t
2α

Ŵ(2α + 1)
+

125t
3α

Ŵ(3α + 1)

−

625t
4α

Ŵ(4α + 1)
+

3125t
5α

Ŵ(5α + 1)
+ · · ·

(67)v(s, t) =

∞∑

n=0

vn(s, t) =es −

∞∑

n=0

(−1)n(5tα)n

Ŵ(nα + 1)

(68)v(s, t) =

∞∑

n=0

vn(s, t) =es −

∞∑

n=0

(−1)n(5t)n

Ŵ(n+ 1)

lim
n→∞

vn(s, t) = v(s, t)
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This indeed is the solution of (4) presented in [31] at a 
value of m = 5 provided that

in their obtained result given as:

Problem  3 Compute the European put option of an 
asset with a drift value r = 0.24 and a dynamic volatility 
rate σ = 0.6(cos s) modelled with the following Black 
Scholes model:

Subject to initial condition:

A correctional functional is constructed for (70):

Substituting (71) into (72) yields

Evaluating (70) using (71) yields:

(69)v(s, t) = es − e−5t
.

vmax = (es − 1)+e−kt
+ (es)+(1− e−kt),

v(s, t) = max{es − 1, 0}e−mt
+max{es, 0}(1− e−mt).

(70)

∂αu(s, t)

∂tα
+ 0.18(cos2 s)s2

∂2u(s, t)

∂s2
+ 0.24s

∂v(s, t)

∂s
− 0.24u(s, t) = 0

(71)
u(s, 0) = max{s − 16e−0.24

, 0} = (s − 16e−0.24)+

(72)
u(s, t) = u(s, 0)+ �1t

α
+ �2t

2α
+ �3t

3α
+ · · · 0 < α ≤ 1.

(73)
u(s, t) = s − 16e−0.24

+ �1t
α
+ �2t

2α
+ �3t

3α
+ · · · .

�1Ŵ(α + 1)+ 0.24s − 0.24(s − 16e−0.24
+ �1t

α
+ �2t

2α
+ �3t

3α
+ · · · .) = 0;

Thus at t = 0, (772 becomes:

Solving for λ1 yields

Such that the first approximation yields;

(74)�1Ŵ(α + 1)+ 0.24 × 16e−0.24
= 0

(75)�1 = −

0.24 × 16e−0.24

Ŵ(α + 1)
.

(76)u1(s, t) = �1t
α
= −

0.24 × 16e−0.24

Ŵ(α + 1)
tα

We can construct a homotopy for (70) to obtain proceed-
ing approximations such that:

Substituting (23) into (77) and comparing the coefficients 
of pn, n ≥ 2 , we obtain:

 

(77)

(1− p)

[
∂αu(s, t)

∂tα

]

+ p

[
∂αu(s, t)

∂tα

+0.18(cos s)2s2
∂2u(s, t)

∂s2

+0.24s
∂v(s, t)

∂s
− 0.24u(s, t)

]

= 0

(78)
p2:

∂αu2(s, t)

∂tα
+ 0.18(cos s)2s2

∂2u1(s, t)

∂s2

+ 0.24s
∂u1(s, t)

∂s
− 0.24u1(s, t) = 0

(79)
p3:

∂αu3(s, t)

∂tα
+ 0.18(cos s)2s2

∂2u2(s, t)

∂s2

+ 0.24s
∂u2(s, t)

∂s
− 0.24u2(s, t) = 0

(80)
p4:

∂αu4(s, t)

∂tα
+ 0.18(cos s)2s2

∂2u3(s, t)

∂s2

+ 0.24s
∂u3(s, t)

∂s
− 0.24u3(s, t) = 0

And so on. The second approximation result is obtained 
by evaluating (78) by (76):

Applying operator Iα on both sides of (81), we obtain

Repeating the same process for (79), to obtain u3(x, t),

(81)

∂αu2(s, t)

∂tα
+ 0.24 ×

0.24 × 16e
−0.24

Ŵ(α + 1)
t
α
= 0

⇒

∂αu2(s, t)

∂tα
= −

(0.24)2 × 16e
−0.24

Ŵ(α + 1)
t
α

(82)u2(s, t) = −

(0.24)2 × 16e−0.24

Ŵ(2α + 1)
t2α
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Also applying Iα on both sides of (83) yields the third 
approximation obtained as

Subsequent approximations are computed such that

Such that the approximate solution u(s, t) = u0(s, t)+

u1(s, t)+ u2(s, t)+ · · ·un(s, t) yields

The sum can be taken such that the payoff function of the 
put option is:

The integer solution can be obtained at α = 1:

The modified initial guess approach agrees that:

Thus, the exact

4  Results
The numerical table of results obtained by solving the 
fractional order Black Scholes differential equation using 
the proposed approach is presented in this section. In 
addition, to develop an insight of the price evolution of 
options, we run numerical simulations of the solved 

(83)

∂αu3(s, t)

∂tα
+ 0.24 ×

(0.24)2 × 16e
−0.24

Ŵ(2α + 1)
t
2α

= 0

⇒

∂αu3(s, t)

∂tα
= −

(0.24)3 × 16e
−0.24

Ŵ(2α + 1)
t
2α

(84)u3(s, t) = −

(0.24)3 × 16e−0.24

Ŵ(3α + 1)
t3α

(85)

u4(s, t) = −
(0.24)4×16e−0.24

Ŵ(4α+1)
t4α ,

u5(s, t) = −
(0.24)5×16e−0.24

Ŵ(5α+1)
t5α ,

u6(s, t) = −
(0.24)6×16e−0.24

Ŵ(6α+1)
t6α · · ·






(86)u(s, t) =

∞�

n=0

un(s, t) =

s − 16e−0.24
−

0.24 × 16e−0.24

Ŵ(α + 1)
tα −

(0.24)2 × 16e−0.24

Ŵ(2α + 1)
t2α −

(0.24)3 × 16e−0.24

Ŵ(3α + 1)
t3α

−

(0.24)4 × 16e−0.24

Ŵ(4α + 1)
t4α −

(0.24)5 × 16e−0.24

Ŵ(5α + 1)
t5α −

(0.24)6 × 16e−0.24

Ŵ(6α + 1)
t6α + · · ·






un(s, t) = s − 16e−0.24

∞∑

n=0

(0.24tα)n

Ŵ(nα + 1)

(87)

un(s, t) =

∞∑

n=0

un(s, t) =s − 16e−0.24

∞∑

n=0

(0.24t)n

Ŵ(n+ 1)

lim
n→∞

un(s, t) = u(s, t)

u(s, t) = s − 16e−0.24(1−t)
.

examples using the computational software program 
Maple 18, and the results are graphically presented.

Table 1 shows the numerical results of the MIGHPM, 
exact solution and the absolute errors. It could be 
observed that the results produced by the MIGHPM are 
in good agreement with the exact solution. Although 
slight deviations of the approximate results from the 
exact solution were observed as the value of t increases 
from 0 to 1. For example, the absolute error observed 
when t = 0, are zero 0 but at t = 0.2 the absolute errors 
are in order of ×  10−12 to ×  10−10; and at t = 1 the abso-
lute error increases to an order which exist in the range 
of ×  10−4 to ×  10−3.

Table  2 shows that the absolute error drastically 
increases as t increases. We observed that, the absolute 
error is zero when t = 0 and the error ranges from an 
order of ×  10−13 to ×  10−2 as t progresses from 0 to 1.

Table  3 shows the effectiveness of the MIGHPM in 
solving fractional order Black Scholes Model. It could 
be observed that the maximum absolute error recorded 

exist in the range of ×  10−18 and the absolute error is zero 
at t = 0 and t = 1.

5  Discussion
The primary objective of this research is to ascertain 
the impact of Caputo fractional order derivatives on the 
price dynamics of financial assets. To achieve this, we 
examined the behavior of payoff functions concerning 
fluctuations in stock prices within the range of 0 < α < 1. 
The results of our investigation are presented as payoff 
curves.

Figure 2 displays the maturity graphs of option payoffs 
for problem  1 at various Caputo fractional order levels. 
Notably, for the assets under consideration, we observed 
a significant decline in option payout values as the 
maturity date approached. Specifically, in Fig. 2A, when 
α = 0.25, the payoff value was 40, but this sharply dropped 
to 3 as α increased to 0.5, and subsequently decreased 
further to 1 when α = 0.75, reaching parity with the exact 
option price. It is worth highlighting that the call value of 
the financial asset was found to be at its lowest when α 
took an integer value, signifying a market phenomenon 
when all constraints were fully enforced. Figure 2E pro-
vides a graphical comparison of the call option payoffs, 
clearly illustrating the diminishing trend as α increases. 



Page 12 of 19Alaje et al. Beni-Suef Univ J Basic Appl Sci           (2023) 12:93 

Figure  2F, on the other hand, compares the accuracy 
of our proposed method with the exact solution. Our 
findings indicate that the proposed method effectively 
addressed the problem, yielding an approximation result 
that unconditionally converges to the exact solution. 
Notably, our outcomes align with the results presented 
by Esekon et  al. [38] in a prior study, where an analyti-
cal method was employed to compute the results of the 
classical Black–Scholes model, underscoring the efficacy 
of MIGHPM. Additionally, Fig.  3 depict the dynamic 

behavior of price evolution for the financial asset mod-
eled in problem  2 using the Black–Scholes equation. In 
Fig. 3A, the payoff value is 6000 when α = 0.25, but this 
reduces to 2500 as α increases to 0.5 in Fig. 3B, further 
declining to 300 as α reaches 0.75 in Fig. 3C, ultimately 
converging to 4 in the exact solution presented in Fig. 3D. 
These results underscore the importance of exercising 
caution when dealing with option prices as they approach 
their expiration dates. Figure 3E offers a comparative plot 
of these factors, while Fig. 3F reaffirms the effectiveness 

Table 1 Numerical Results of problem one at an exact value α = 1

t S Numerical solution Exact solution Abs error

t = 0 0 0 0 0

0.2 0.008 0.008 0

0.4 0.064 0.064 0

0.6 0.216 0.216 0

0.8 0.512 0.512 0

1.0 1.000 1 0

t = 0.2 0 0 0 0

0.2 0.005362560373 0.005362560368 5.5290610565× 10
−12

0.4 0.04290048299 0.04290048294 4.4480188881× 10
−11

0.6 0.1447891301 0.1447891299 1.5001619200× 10
−10

0.8 0.3432038639 0.3432038636 3.5608458458× 10
−10

1.0 0.6703200468 0.6703200460 6.9722879270× 10
−10

t = 0.4 0 0 0 0

0.2 0.003594634451 0.003594631713 2.7381452717230× 10
−9

0.4 0.02875707562 0.02875705370 2.1907176122916× 10
−8

0.6 0.09705513019 0.09705505625 7.3935822244411× 10
−8

0.8 0.2300566048 0.2300564296 1.7525903958455× 10
−8

1.0 0.4493293063 0.4493289641 3.4231732136921× 10
−8

t = 0.6 0 0 0 0

0.2 0.002409655149 0.002409553695 1.014536780982733× 10
−7

0.4 0.01927724120 0.01927642956 8.11636241617623× 10
−7

0.6 0.06506068904 0.06505794977 0.000002739269234864886

0.8 0.1542179296 0.1542114365 0.00000649309537930668

1.0 0.3012068937 0.3011942119 0.00001268187577112320

t = 0.8 0 0 0 0

0.2 0.001616475801 0.001615172144 0.0000013036567126304985

0.4 0.01293180643 0.01292137715 0.000010429269727466465

0.6 0.04364484666 0.04360964789 0.000035198778165467926

0.8 0.1034544513 0.1033710172 0.00008343417296090701

1.0 0.2020594755 0.2018965180 0.00016295747992011535

t = 1.0 0 0 0 0

0.2 0.001092063499 0.008e
−2 0.0000093812227970984649

0.4 0.008736507909 0.0064
−2 0.0000750498131567877190

0.6 0.02948571428 0.216e
−2 0.000253293105891658552

0.8 0.06989206356 0.512e
−2 0.000600398543854301752

1.0 0.1365079358 e−2 0.00117265360238730811
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of our method in solving the fractional order Black–
Scholes equation. These findings also align with those 
of Edeki et  al. [33], which introduced a Black–Scholes 
equation with constant elasticity variance for stock 
option evaluation. Moving on to problem  3, we present 
the put option’s payout values in Fig. 4. Interestingly, we 
observed that the asset’s put option similarly relies on 
the derivative of Caputo’s fractional order. Figure 4A–C 
depict a substantial reduction in the asset’s payoff value 
as α approaches the exact solution, in line with the results 

from [22] that employed the Lagrange multiplier method. 
Notably, Fig.  4C, D record negative put option payoffs 
as the option nears its expiration time, indicating inves-
tor losses, and the necessity to pay the absolute value of 
the payoff. Finally, we present graphs comparing the pre-
cise and approximate solutions of our proposed method 
with those generated by the built-in RK4 of Maple 18 in 
Fig. 4F. Despite some variations in the intervals at which 
RK4 Maple 18 provides option call values, we found that 
all three outcomes generally agree. This consistency 

Table 2 Numerical Results of problem Two at an exact value α = 1

t S Numerical solution Exact solution Abs error

t = 0 0 0 0 0

0.2 0.2214027581601698339 0.2214027581601698339 0

0.4 0.4918246976412703178 0.4918246976412703178 0

0.6 0.8221188003905089749 0.8221188003905089749 0

0.8 1.2255409284924676046 1.2255409284924676046 0

1.0 1.7182818284590452354 1.7182818284590452354 0

t = 0.2 0 0.63212055882783809369 0.63212055882855767840 7.19535542259563952× 10
−13

0.2 0.85352331698800792759 0.85352331698872751230 7.19646564562026468× 10
−13

0.4 1.1239452564691084114 1.1239452564698279962 7.19646564562026468× 10
−13

0.6 1.4542393592183470685 1.4542393592190666533 7.19424519957101436× 10
−13

0.8 1.8576614873203056982 1.8576614873210252830 7.19646564562026468× 10
−13

1.0 2.3504023872868833290 2.3504023872876029138 7.19424519957101436× 10
−13

t = 0.4 0 0.86466469450596434729 0.86466471676338730811 2.22574229047367567× 10
−8

0.2 1.0860674526661341811 1.0860674749235571420 2.22574227937144542× 10
−8

0.4 1.3564893921472346650 1.3564894144046576259 2.22574227937144542× 10
−8

0.6 1.6867834948964733221 1.6867835171538962830 2.22574230157590592× 10
−8

0.8 2.0902056229984319518 2.0902056452558549127 2.22574230157590592× 10
−8

1.0 2.5829465229650095826 2.5829465452224325435 2.22574230157590592× 10
−8

t = 0.6 0 0.95020370533484372774 0.95021293163213605702 0.00000922629729227519846

0.2 1.1716064634950135618 1.1716156897923058909 0.00000922629729216417616

0.4 1.4420284029761140457 1.4420376292734063748 0.00000922629729216417616

0.6 1.7723225057253527028 1.7723317320226450319 0.00000922629729238622076

0.8 2.1757446338273113325 2.1757538601246036616 0.00000922629729238622076

1.0 2.6684855337938889633 2.6684947600911812924 0.00000922629729238622076

t = 0.8 0 0.98102908261638420383 0.98168436111126581971 0.000655278494881561536

0.2 1.2024318407765540377 1.2030871192714356536 0.000655278494881672558

0.4 1.4728537802576545216 1.4735090587525361375 0.000655278494881672558

0.6 1.8031478830068931787 1.8038031615017747946 0.000655278494881672558

0.8 2.2065700111088518084 2.2072252896037334243 0.000655278494881450514

1.0 2.6993109110754294392 2.6999661895703110551 0.000655278494881450514

t = 1.0 0 0.97554332855517131311 0.99326205300091453290 0.0177187244457431836

0.2 1.1969460867153411468 1.2146648111610843668 0.0177187244457430726

0.4 1.4673680261964416308 1.4850867506421848507 0.0177187244457430726

0.6 1.7976621289456802878 1.8153808533914235078 0.0177187244457432946

0.8 2.2010842570476389178 2.2188029814933821375 0.0177187244457432946

1.0 2.6938251570142165478 2.7115438814599597683 0.0177187244457432946
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arises from the dependence of the dynamic volatility rate 
on the asset price, as described in the problem statement.

6  Conclusions
We present a method for solving the fractional order 
Black Scholes model that is simple, effective, and com-
putationally efficient. As observed in its application in 
[24] for obtaining the analytical solitons of fractional 
order Korteweg-De-Vries equation, the approach simi-
larly demonstrates its effectiveness in solving the class of 

problems solved in this study as it generates an uncon-
ditionally convergent series of arbitrary order which 
agree with the exact solutions of the problems solved 
at an integer order. The investigation of the influence of 
the Caputo fractional order derivatives in gaining insight 
into the market dynamics of options price evolution is 
also detailed in the paper. This same Caputo derivative 
was investigated in a similar but distinct study presented 
in [21] to study dividend payments on paying financial 
assets modeled with the Black Scholes equation utilizing 

Table 3 Numerical Results of problem Three at an exact value α = 1

t S Numerical solution Exact solution Abs error

t = 0 0  − 12.586045777064854548  − 12.586045777064854548 0

0.2  − 12.386045777064854548  − 12.386045777064854548 0

0.4  − 12.186045777064854548  − 12.186045777064854548 0

0.6  − 11.986045777064854548  − 11.986045777064854548 0

0.8  − 11.786045777064854548  − 11.786045777064854548 0

1.0  − 11.586045777064854548  − 11.586045777064854548 0

t = 0.2 0  − 13.204909895866918185  − 13.204909895866918186 1 ×  10−18

0.2  − 13.004909895866918185  − 13.004909895866918186 1 ×  10−18

0.4  − 12.804909895866918185  − 12.804909895866918186 1 ×  10−18

0.6  − 12.604909895866918185  − 12.604909895866918186 1 ×  10−18

0.8  − 12.404909895866918185  − 12.404909895866918186 1 ×  10−18

1.0  − 12.204909895866918185  − 12.204909895866918186 1 ×  10−18

t = 0.4 0  − 13.854203968947280271  − 13.854203968947280269 2 ×  10−18

0.2  − 13.654203968947280271  − 13.654203968947280269 2 ×  10−18

0.4  − 13.454203968947280271  − 13.454203968947280269 2 ×  10−18

0.6  − 13.254203968947280271  − 13.254203968947280269 2 ×  10−18

0.8  − 13.054203968947280271  − 13.054203968947280269 2 ×  10−18

1.0  − 12.854203968947280271  − 12.854203968947280269 2 ×  10−18

t = 0.6 0  − 14.535424257099298408  − 14.535424257099298407 1 ×  10−18

0.2  − 14.335424257099298408  − 14.335424257099298407 1 ×  10−18

0.4  − 14.135424257099298408  − 14.135424257099298407 1 ×  10−18

0.6  − 13.935424257099298408  − 13.935424257099298407 1 ×  10−18

0.8  − 13.735424257099298408  − 13.735424257099298407 1 ×  10−18

1.0  − 13.535424257099298408  − 13.535424257099298407 1 ×  10−18

t = 0.8 0  − 15.250140593240075915 15.250140593240075913 2 ×  10−18

0.2  − 15.050140593240075915 15.050140593240075913 2 ×  10−18

0.4  − 14.850140593240075915 14.850140593240075913 2 ×  10−18

0.6  − 14.650140593240075915 14.650140593240075913 2 ×  10−18

0.8  − 14.450140593240075915 14.450140593240075913 2 ×  10−18

1.0  − 14.250140593240075915 14.250140593240075913 2 ×  10−18

t = 1.0 0  − 16.000000000000000000  − 16 0

0.2  − 15.800000000000000000  − 15.8 0

0.4  − 15.600000000000000000  − 15.6 0

0.6  − 15.400000000000000000  − 15.4 0

0.8  − 15.200000000000000000  − 15.2 0

1.0  − 15.000000000000000000  − 15 0
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Fig. 2 Graphical results of Example 1
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Fig. 3 Graphical results of Example 2
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Fig. 4 Graphical results of Example 3
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an implicit finite difference approach for solving the 
resultant BS-PDE. Theoretical analysis of their research 
essentially confirms that Caputo fractional order deriva-
tives are the most effective way to simulate option premi-
ums, which deviate significantly from what is predicted 
by classical differential operator theory. Another signifi-
cant aspect to keep in mind is that the conventional BS 
models are known to generate option premium curves 
with identical curves, which may not accurately reflect 
the market dynamics. However, the option premium 
curves produced by the model developed using Caputo 
fractional derivatives are extremely sensitive to changes 
in related market characteristics, such as volatility and 
rates, etc.

7  Recommendation
Future research could be carried out to investigate the 
influence of other non-local fractional order operator 
such as Caputo–Fabrizo [14] and Atangana–Baleanu 
[15] derivatives on Black Scholes model derived from 
real market situations using the method applied in this 
study to better comprehend and forecast the dynamics 
of option price evolution.
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