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Abstract

in the realm of knowledge discovery within databases.

Background The concept of near open sets is a potent tool that empowers researchers to achieve a more encom-
passing approximation of rough sets, thereby enhancing the accuracy of measurements. The evolution of rough
set theory into various generalized forms, based on topological structures, has emerged as a significant approach

Results This paper’s primary contribution lies in the introduction of a novel category of generalized near open sets,
termed “inverse simply open sets," within the context of the j-neighborhood space. The paper proposes diverse meth-
ods for extending the Pawlak’s rough approximations leading to the definition of new approximations in the j-neigh-
borhood space. By employing these newly introduced generalizations, we establish fresh connections between two
pivotal theories, namely “general topology and rough set theory”. Through a comprehensive investigation, we con-
duct multiple comparisons between our methodology and classical approaches. Furthermore, we showcase practical
applications of these techniques within real-life scenarios, demonstrating their utility in decision-making processes.

Conclusions We reduced the data's ambiguity while increasing its accuracy measure. As a result, we may conclude
that the proposed approximations were more precise than earlier techniques and contributed to the elimination
of data ambiguity in real-world scenarios requiring accurate decisions.

Keywords Rough sets, Topological space, j-Near open set, j-Neighborhood spaces, bj#-Open set, j-Inverse simply
open sets, Lower and upper approximatons and accuracy measures

1 Introduction

Pawlak’s proposal of rough set theory [1, 2] emerged as
a valuable tool for addressing the inherent vagueness
and uncertainty present in large datasets. This theory is
rooted in binary relations, particularly equivalence rela-
tions, which can pose challenges due to their inherent
restrictions and limitations. Over time, rough set the-
ory has been expanded into various other approaches,
some of which have been formulated using topological

*Correspondence:

M. S. Bondok

mona.bondok@must.edu.eg

! Mathematics Department, Faculty of Science, Tanta University, Tanta,
Egypt

2 Basic Sciences Department, Misr University for Science and Technology,
Giza, Egypt

@ Springer Open

concepts [3—8]. The notion of topological rough sets,
introduced by Wiweger in 1989 [9], stands as a signifi-
cant topological generalization of rough sets. Extending
beyond Pawlak’s rough sets, Yao [10] created upper and
lower approximations using arbitrary relations with-
out imposing additional conditions on the relations. In
order to expand on traditional rough set theory, Abd
El-Monsef et al. [11] proposed the concepts of “j-neigh-
borhood space” (abbreviated as j-NS) in 2014. As an
extension of open sets into topological spaces, the defi-
nition of near open sets was established. Subsequently,
W. S. Amer et al. [12] incorporated certain near open
set concepts within j-NS frameworks. In 2018, Hosny
[13] expanded these estimates to include §8-open and
Ap-open sets. El-Bably [14] employed the concept of
“Simply open sets” to extend Pawlak’s approximations,
employing three distinct methods. The present paper
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builds upon these advancements, further generalizing
these approximations within the context of topologi-
cal spaces [15-25]. Specifically, the definition of j-near
open sets is extended through the introduction of a
new category of open sets termed “Inverse simply open
sets” within j-neighborhood space. Two distinct meth-
odologies are presented to generalize rough approxi-
mation spaces using these inverse simply open sets.
The paper proceeds in six sections. In Sect. 2 provides
a summary of fundamental concepts. Section 3 intro-
duces the notion of bj*-open setsand employs them to
build the approximations and the properties of these
sets are thoroughly examined. Section 4 introduces the
concept of j-inverse simply open sets and delves into its
properties. In Sect. 5, two distinct methodologies are
presented to generalize rough approximation spaces
using inverse simply open sets within j-neighborhood
space. Section 6 presents an applied example within the
domain of plant morphology and Sect. 7 serves as the
conclusion of the paper.

2 Preliminaries
This section discusses the fundamental ideas of defini-
tions and properties that will be used in the next sections.

Definition 2.1 [1, 2] For every equivalence relation E
on the finite, nonempty set known as the universe U. For
each subset S € U, we associate two subsets:

ES)=UTIT €S TeOoWU)}

ES)=N{TISCT,T e CU}

E(S) and E(S) are the upper and lower approxima-
tions of S, respectively and the pair (U, E) is known
as an approximation space. The following specifica-
tions apply to the pawlak approximation’s accuracy and
boundary:

IE(S)I

BN (S) = E(S) — E(S)and (S) = there’E(S)’ #0.

Definition 2.2 [26] For any binary relation Q
onU. The following are the definitions of the j
-neighborhood p € |J(Nj(p)) for each j belongs to

{r, L (o), (1), (@), (w), (@), () J:

i. Ther-neighborhood when, N; (p) = {re U |pQr}.
ii. The l-neighborhood when, Ni(p) = {re U|rQp}.
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ili. The (r)-neighborhood when, Ny (p) = N N: ().
PEN; (1)

iv. The <l>—neighborhood when, Ny (p) = 1 N (0.
PeN (r)

v. The i-neighborhood when, Ni(p) = N;(p) N Ni(p).
vi. The u-neighborhood when, Ny (p) = N;(p) U Ni(p).

vii. The (i)-neighborhood when, N (p) = Ny (p)
Ny (p)-

viii. The (u)-neighborhood when, Ny (p) = N (p)
UN 1) (p)-

Definition 2.3 [26] Assume that (U, Q, £ j)is a j-neigh-

borhood space with S € U. Subsequently, the j-upper
and j-lower approximations (j-positive, j-negative and j
-boundary) regions and j-accuracy of S C U are defined,
respectively, as.

. Q) =N{H €1: S S H} = jclosure of S.
.« Qi(S) = U{G €:GC S } = j-interior of S.

. POS;(S) = Qi(S).

« NEGj(S) = U — Q(S).

+ Bi(S) = Qi(S) — Qi(S).

Qi(S) —
. 0ji(8) = Qj_(s)},where |Qi($)| #0.
Definition 2.4 [12] Assume that (U, Q, £ j)is a j-neigh-

borhood space with S € U is named.

i. j-Regular openif S = int; (clj(S)).

ii. j-Pre-open (in brief named Pjopen) if S C int;
(cli(S)).

iii. j-Semi-open (in brief named Sj-open) if S C cl;
(intj(S)).

iv. yropenifS C int; (clj(S)) U cl; (intj(S)).

V. ag-open if S C int; [clj (intj(S))].

vi. Bj-open (called
[il’ltj (Clj(S))].

semi pre open), if S Ccl

Definition 2.5 [15] Assume that a topological space is
(U, 7). The subset S of L] is then defined as.

1. A bx-Open set is defined as S C cl(int(c/(S)))
Uint (cl(S)).
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2. A bs-cpen set is defined as S 2 int(cl(int(S)))
Ncl(int(S)).

The bO * (U) represents the families of all bx-open sets
subsets of a (U, 1), and bC * (U) represents bx-closed sets.

Definition 2.6 [13] Assume that (U, Q,£j)is a j-neigh-
borhood space withS C U.The definition of the subset
A =nN{GCU :SCG GeBOMU)}. A set S is
referred to as a Aprset if S. We refer to the Vgr-set as its

complement. The notations Ag (U) and Vg (U) represent
the families of all A psets and Vv p-sets.

Definition 2.7 [13] Assume that (U, Q, &j)is a j-neigh-
borhood space with S € U. Then, the (Ag-upper and Ag
-lower) approximations, (Ag-positive, Ag-negative, Ag,
-boundary) regions and Apg-accuracy measure of S are
defined, respectively as follows:

- Q) = m{H e VU :SC H}.
C QS = U{G e AU : G C S}.
. Posjf’(S) =gﬁ(5).

. POS;"(S) = Q7 (S).

« BP(S)=0Q"(5)-Q"®).

Ng '
QT (© _
. a/\‘* S) = H , Where Q{\ﬂ (S) ’
Q7 s)
Definition 2.8 [14] Assume that (U, Q, £ j)is a j-neigh-

borhood space with S € U. Subsequently, V j belongs to
{r, L(x), (1), i, w, (), (W) } if intj(c}i(S)) < clj(int;(S), then
the set S € U is a j-simply open set. A j-simply closed is
the complement of a j-simply open sets of U(SMjO(LI))
represent the famililes of all j-simply open sets and sets
of U(SM;C(U0)) represent the families of all j-simply
closed sets.

Definition 2.9 [14] Assume that (U, Q, £ j)is a j-neigh-
borhood space withS € U. Subsequently, V j belongs to
{r, 1,(r),(1), i, w, (i), (u) }, the (j-simply upper and j-sim-
ply lower) approximations, (j simply boundary, j-simply

b, xOU) = {
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positive and j -simply negative) regions and j-simply
accuracy measure of S C U are given, respectively as
follows:

- QM) = U{G e SM0(l): G C S}.
« Q") =n{HeSMOW): S CH}.
« B(S)=Q"(S) — QMS).

« POS™(S) = Q" (S).

« NEGJ"(S) = U~ Q"(S).

gro|

Q")

3 Generalized rough approximations via bjx-open
sets

The main objective of this section is to provide a novel

technique for defining the fundamental ideas of rough
sets utilising the notion of bj*-open sets.

SAAOE

,Where‘éj’”(S)‘ £0.

Definition 3.1 Assume that (U, Q,&j) is a j-neighbor-
hood space withS € U. Subsequently, for each j belongs
to {r, L (r), <l>, i, u, (i), (u)}, the set S of U is described
as:

1. Abj*-OpensetifS C cl; (int,- (clj(S))) U int; (clj(S)).
2. A bjs-closed set if S 2 int; (cl;(int;(S))) N el (int;(S)).

The families of all bj*x-Open sets are always represented
by bj* O(U). The complements of bjx-Open sets are
referred to as “bjx-closed sets” and the families of all b;x
-Closed sets are always represented by b; * C(U).

Example 3.1 Let U={xy,v,w,z} and Q = {(x, x),
(x, 2), (Y, V), (v, W), (¥, 2), (v, V), (v, W), (W, V), (W, W), (Z 2)}

be a binary relation defined onU. So,xQ = {x,z},
yQ ={v,w,z},vQ = wQ = {v,w} andzQ = {z}. Con-
sequently, the topology connected to this relation is
T = {U, ?,{z}, {x, z}, {v,w}, {v,wz}, {x,v,w, z}, {y, v, W, Z}} .
We will compute the the classes of bjx-Open sets for each
j € ras describe:

u, v, (v}, {wh {z}, (%, z}, {y, v}, {y, w}, {y,z}, {v,w}, {v, 2}, {w, 2}, {x,y,z}, {x, v, 2}, {x, w, 2}, {y, v, w}, {y, v,z}, {y , w,z},
{v,w,z}, {x,y, v,z}, {x,y, w,z},{x, v, W, z}, {y, vV, W,z
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Proposition 3.1 Assume that (U, Q,£j) is a j-neighbor-
hood space with S C U. Subsequently every j-pre open set
is bjx-open.

Proof The proof is clear when utilising the definition
of bjx-open set, j-closure characteristics and j-interior
characteristics.

Remark 3.1 'The previous statement’s converse isn't
always true as shown in Example 3.1 using topology
= {U, @, 4z}, {x, z}, {v, w}, {v,w, 2}, {x, v, w, 2}, {y,v, w,z}},
P.OWU) = {U, 9, {x,z}, {v,w}} and.

br*O(U):{
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(2) Let be a family of bjx-Closed represented by
{Ai,i € I}. Hence, A; 2 (intj(clj(int;(A;))) N clj(intj (A;))
,hencen;A; 2 Ni(int(clj(int (A1) N clj(int;(A),
2 (intj(clj(intj(NiA;))) N clj(intj(NiA;)). Therefore
bj * Closed is hence N;A;.

Remark 3.2 Acorrding to Example 3.1, Any two bjx
-Open sets that intersect do not form bjx-Open sets.
Let S ={x,v,z} and T = {y,v,w} are byx-open sets but
S N'T = {y}is not by*-Open.

u, s, {v}, iwh {z}, {x, z}, {y,v}, {y, w}, {y, Z}, {v,wh, {v, z}, {w, z}, {x, Y, Z}, {x,v,z}, {x,w, z}, {y, v, w}, {y, v, Z}, {y , W, Z}, }

{v,w, z}, {x, 9, v, 2}, (%, 3, w, 2}, {x, v, w, 2}, {9, v, w, 2.

It’s clear that A subset {v} of U is not j-pre open set, but
it is by*-Open set.

Lemma 3.1 Assume that a j-approximation is
(U, Q,&j). The following statements are True.

(1) The union of bjx-Open sets is bjx-Open.
(2) The intersection of bjx-Closed sets is bjx-Closed.

Proof (1) Assume that bjx-Open sets be a family
represented by {Aj, i €l}. ThenA; C clj(intj(clj(A)))
Uintj(clj(Aj)). HenceUiA; € Ui(clj(intj(clj(Ai)))Vintj(cl;
(A1) < clj(intj(clj(UiA}))) U intj(clj(UiA;) for alli € I by
-Open is henceU; A;.

1. br*O(U)—{

2. bl*O(U):{

Remark 3.3 The families of bj*-Open sets of U does not
form a topology.

Remark 3.4 Assume that (U, Q,£j) be a j-neighbor-
hood space withS € U. Subsequently, for each j belongs

to {r, 1, (r), <l>, i, u, (i), (u)}, the following statements
listed below aren’t always true:

. by * O(U) C b, * O(U) C b;O * (U).
. by * O(U) C by * O(U) C b;O * (U).
. by*OU) € br*O(U) € b O*(U).
- bw*OU) € byy*OU) S bO*(U).
. The dual of by * O(U) is b, * O(U).

. The dual ofb(l> * O(U)is by = OU).

N Ul oW N

This indicates that the relationships between bj*-open
sets are not comparable as in Example 3.1 We will com-
pute the the classes of bjx-Open sets for each j belongs

to {r, L, (r), (1), w, (i), (u) } as listed below:

U, 9, v}, il {z, 2} {y, v} {vs wh {yo 2} v wh (v 2} {ws 2, {3 ye 2}, (o vz o wa 2, {ys vow s {ya ez} {y wo 2,
{viw,z}, {x, 3, v, 2}, {x, 3, w, 2z}, {x, v, w, 2}, {y, v, w, 2}}

u, s, {x}, {y}, {x,y}, {x,z}, {y,v}, {y,w}, {y, z}, {x, y,v}, {x, y,w}, {x, Y z}, {y, V,w}, {y,v,z}, {y, w, z}, {x, Y v,w}, {x, YV, z}, }

{x,y,w,z}, {y,v,w,z}




Salama et al. Beni-Suef Univ J Basic Appl Sci (2024) 13:64

3. by*xOU) =PWU)

4. by *O(U)={
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u,e, {y}, v}, iwh {z}, {x, z}, {y,v}, {y,w}, {y, Z}, {v,w}, {v, z}, {w, z}, {x, Y, z}, {x,v,z}, {x,w, z}, {y ,V,w}, {y ,v,z}, {y , W, z}, }

vow,z}, {xy,v.z}, {xy, Wz}, {x,v,w,z}, {y,v,w,z}

_ S et {yh fovh oz {yvh Ay, wh{y.2) fovvh foyowh foyszh {yovwh {yavzh {y o wzh oy vwh
5 b y * o) =
{xy vz}, {xy, w2}, {3, v, w,2}

. _Jue fyh v iwh izh ixzh {y v o wh {y 2 v wh v zd iws zh {x v 2} o v zh o w2 {y v wh {yeve 2} {y w2},
6. by x0OWU) =
w2}, {x,yv.z}, {x,y, w2}, {5, v, w2}, {3, v, w,2}

b(w*O(U):{

U {vh tah {ovh o zh {yvh {vowh v zh fovvhb {oy wh oy zh {y v wh {yvzh {y w2} {o v wh,
{xyv.z}, {xy w2z}, {y,v, w2}

It is clear that.

b *O(U)C b*O(U)

by*O(U) < b*O(U)

b *O(U)S by *O(U)

by O*(U)S by *O(V)

by O*(U) S b(;) *O(U)

The dual of by * O(U) is not b, * O(U).
The dual of by * O(U) is not byyy * O(U).

N O T W e

Definition 3.2 Assume that (U, Q,£j) is a j-neighbor-
hood space withS € U. Subsequently for each j belongs

to{r, 1, (r), (1), i, u, (i), (u) }. Then.

1. The bj*-lower approximations of S(called b;*-interior
of S) are the union of all bj*-Open sets of U contained
in the set S, they are represented by the symbol bjx-
int(S).

© RY(S) = U{G eb0* (U): G S S} = by *int(s).

2. The bjx-upper approximations of S(called b;*-clo-
sure of S) is the intersection of all bjx-closed sets of

U included in S, it is represented by the symbol bjx
-CI(S).

. ﬁ;a*(S)zﬂ{H €bjCx(U): S € H} =bjx*cl(S).

Furthermore, the approximations of S’s (bj*-positive,
bjx-negative, bjx-boundary) regions and bjx-accuracy
are defined, respectively:

.m§®=W@.
-j

. NEGI’?* (S) = U — R (S).
-

. BY(S) =R (5)—RV(S).
-

b*
R (s)]
R )

. Gjb* (S) = , Where ‘E]b* (S)’ #0.

The following properties demonstrate the relation-
ships between bjx-open set approximations and other
approximation types.

Proposition 3.2  Assume that (U, Q,§ j) is a j-neighbor-
hood space with S C U. Then.

Q.(S) S RV (S).
—J —j



Salama et al. Beni-Suef Univ J Basic Appl Sci (2024) 13:64

R (S) € Q).

Corollary 3.1 Assume that (U, Q,£j) is a j-neighbor-
hood space with S C U. Then.

B (S) S By(S).

5j(S) < 0/ (S).

The proposal proposition investigates the main char-
acteristics of the bj* approximations.

Proposition 3.3 Assume that (U, Q, & j) be a j-neighbor-
hood space andS, T C U. Therefore for each j belongs to
{r, L(r), (1), i, w (i), (w)}, the following characteristics
hold:

(LR (S) € S.

(Lz)RJP*(@) = 0.

(LB)RJF* U) = U.

(L4) 1;}’* (S NT) SR (S)NRY(T).

(UHR SUT) 2’ (HUR’ ().

(L5) IfS C T, then R*"(S) € RY"(T).

(L6) R:’* (S)U R;f‘ (T) Jg R;’* (S Lj ).

(L7) RF* <R}’ (S)) = RP*(S).
-) - -)

LOR () = R (5

(L9) ij* (ij* (S R’ (RJF’* (S).

(L10)x € R (S) <> 3G e bj x O(U), x € G, GCS.
-j

s <R
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(U2) ﬁ}’*(@) —o.
U3 R () =u.
(US)IfS S T, then R ($) S R’ (T),
(U6 R (NE (T) 2R (SNT).
W)R (R ) = ©).
(UB) R (S) = (R (5"
-)
—b* /—b* « [—b*
(U9 K (Rj (S)) > I_{:’ (Rj (S)).
(U10) x € R} () & GNS # 2,YG € by O(U), x € G.

Proof The proof is clear when utilizing the characteris-
tics of bj*-interior and bj*-closure.

Definition 3.3 Assume that (U,Q,£j) be a j-neigh-
borhood space with S € U and for each j belongs to
{r, L (r), <1>, i, u, (i), (u) } The set S is named:

i bjs-definable (bj+-Exact) if RY'(S) =R} (S) or
Bf*(S) =
ii. bjx-rough if g}’* (S) # ﬁ}’ (S) or B}’* (S) £ 0.

Remark 3.5 Assume that (U,Q,&j) be a j-neighbor-

hood space andS, T € U. Any two bjx-exact sets do not
always have to intersect to be bjx-exact sets. Acorrding

to Example 3.1, let S = {x,y,z}and T = {y,v,w} are b,*
-exact sets butS N T = {y} is not b, *-exact sets.

Corollary 3.2 Assume that (U, Q,Ej) is a j-neighbor-
hood space withS C U. Subsequently for each j belongs to
{r, L (r), <1>, i, u, (i), (u) } If S is a j-exact set implies to S
is bjx-exact sets.

Remark 3.6 The converse of Corollary 3.2 does not
always hold. According to Example 3.1, S = {x, w} is a
b,#-exact sets, but it is rough.
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4 J-inverse simply open sets

Now we will study the definition of inverse simply open
sets defined in the j-Neighborhood Space, review the
basic properties and some important theorems.

Definition 4.1 Assume that (U, Q,£j) be a j-neigh-
borhood space. Subsequently for each j belongs to
{r, L(r), (1), i, w, (i), (w)}. The set SC U is named j
-inverse simply open set if cl;(int;(S)) < intj(cl;(S)).

Remark 4.1

1. ISMjO(U) is the family of j-inverse simply open sets
of U.

2. The “j-inverse simply closed” is the complement of a
j-inverse simply open and ISM;C(U) represents the

family of j-inverse simply closed sets of U.

Theorem 4.1 Assume that (U,Q,Ej) be a j-neigh-

borhood space. Subsequently, for each j belongs to
{r, 1, (r), <l>, i, u, (i), (u)}, the collections of ISM;O(U) are
a topology on the universalU.

Proof i. @ and U are j-inverse simply open set.

ii. Let{Sili € I} € ISMjO(U).Then, clj(int;(S;)) € int
(Clj(si))Vi el and UiClj(irltj(Si)) C Uiintj(clj(Si))
this implies to Uiclj(intj(Si)) = clj (int;(U;Sy))
and  Ujintj(clj(Si)) = intj(clj(UiS;))  therefore
clj(in;(U;S;)) < intj(clj(U;S;)) and thus U;S; is a j
-inverse simply open.

iii. LetSy, Sz € ISM;O(U), then Clj (intj (S1)) € inty
(clj(S1)) and clj(intj(S2)) C intj(cl;(S2)). Then
intj(clj(Sl NSy)) C clj(intjsl NSy). Thus S1 NSy
is a j-inverse simply open.

1. ISM,O(U) = {

2. ISM,O(U) = {
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From (i), (ii) and (iii) ISM;O(U) is a topology on U.

Theorem 4.2 Assume that (U,Q,£j) be a j-neighbor-
hood space. Every j-inverse simply open set is correspond-
ingly a j-inverse simply closed set and vice versa.

Proof Assume that S be a j-inverse simply open set. So,
clj(intj(S)) < intj(clj(S)). By taking the complement of
the both sides, we obtain: [clj(intj(S))]C 2 [intj(clj(S))]C
and this implies to intj[int (S)1 2 cjy [Clj(S))C].There—
fore clj(intj(S)) C intj(cl;(S®)) and S€is j-inverse simply
open.

Corollary 4.1 Assume that (U,Q,Ej) be a j-NS and
for each j belongs to {r, 1, (r),<l>, i, u, (i),(u)}. Then,
ISM;O(U) = ISM;C(U) and each of these topologies are
quasi-discrete.

Remark 4.2 Assume that (U, Q,&j) is a j-neigh-
borhood space with S € U and for each j belongs to
{r, L, (r), <1>, i, u, (i), (u) } Then, In general, the following
statements are untrue:

ISM,O(U) C ISM,;O(U) C ISM;O(U).
ISM,O(U) C ISM;0(U) € ISM;O0(U).
ISMyyO(U) < ISM)O(U) € ISM;O(U).
ISMyO(U) € ISM1)O(U) € ISM»O(U).
The dual of ISM;O(U) is ISM,O(U).

The dual of ISMyO(U) is ISM(1> o).

S e

The example that follows demonstrates Remark 4.2

Example 4.1 According to Examle 3.1 We will compute
the topology associated with this relation and the families
of al of j-inverse simply closed setsand j-inverse simply
open sets for each j belongs to { r, 1, (r), <1>, i, u, (i), (u)}
as described:

u, o, {x}, {y}, {v}, {w}, {x,y}, {x, v}, {y,v}, {x, w}, {y,w}, {v,z}, {w,z}, {x, y,v}, {x, y,w}, {x,v,z}, {y, v, z}, {x,w,z},
{y,w,z},{v, w,zh A%, 3, v, 2} %, 9, w, 2}, {x, v, wy 2), {y, vo wy 2}

u, o, {v}, {wh, {z}, {x,y}, {v,w}, {v, z}, {w, z}, {x, y,v}, {x, y,w}, {x, Y, z}, {v,w,z}, {x,y ,v,w}, {x,y,v, z}, {x,y , W, z},

{y,v,w,z} }
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ISM;O(U) = P(U).

ISMO(U) = P(U).

ISMno(U) = P(U).

ISM( o) = {U @, {v}, {w}, {z}, {x, } {v,w}, {v, z},

{w,z}, {x, y,v}, {x, Y, w}, {x, Y, Z}, {v,w,z},
{xy,vwh {xyv.z} {xy,wz}}

7. ISMgpOU) = P(U).

8. ISMwO(U) = P(U).

S

The previous results show that:

« ISM,O(U) C ISM,O(U)

o ISM,O(U)C ISM;O(U).

+ ISMyO(U) C ISM;yO(L).

« ISM,O(U) is not the dual of ISM,;0(U).

+ ISMyO(U) is not the dual of ISM<1> o).

Example 4.1 shows that the linkages between ISM;-
open setsfor various kinds of tj are independent.

5 Generalizions of j-inverse simply open sets

In the following section, we present two distinct strate-
gies for generalizing Pawlak rough set approximations
in terms of topological spaces. The offered strategies
are extremely beneficial in real-world applications and
play a vital role in decision-making.

Definition 5.1 Assume that (U, Q,&j) is a j-neigh-
borhood spacewith SC U. Then, for each j belongs to
{r, I (r),<l>, i, u, (i), } The ISMj-lower approxima-

tions,ISMj-upperapprox1mat10ns,ISM boundary,ISM;

-positive —regions, ISMj-negative regions and the
ISMj-accuracy of S are described as follows:

« R(8) =U{G cISMjO(U)) : G C S} called ISM;
-interior of S.

Ism

. (S)=N{H € ISMjC(U): S € H } called ISM;
-closure of S.
. BFT(S) = R (S) — RI(S).

-
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. Pos}sm(S)lesm(S).
-
« NEGP™(S) =U—R""(9).
Rlsm(s) tem
ol™($) = i, Where ‘R (S)’;AO.

R;

Definition 5.2 Assume that (U, Q,£j) is a j-neigh-
borhood spacewithS CU. For each j belongs to
{r, L, (r), <1>, i, u, (i), } A set S is named:

i ISMj — exact if R*™(S) = K"
-
(S) or B.Ism(S) = gand o™ (S) = 1.

ii. ISMj — rough if RS™(S) # Rlsm(S) or B"™(S) # &.
-j
The proposition proposal investigates the key char-
acteristics of the current ISM; — upper, and ISMj-lower
approximations.

Proposition 5.1 Assume that (U, Q,Ej) is a j-neigh-
borhood spacewithS T CU. For each j belongs to

{r, L), D), i, u (i),

} The properties holds:

(L1) RF™"(S) < S.
(L2) I?{””(@) =2
(L3) I;]{S’"(U) =U
(L4) g?"'%s NT) = RF™(S) NRF™(T).

(L5) IfS C T, then R®™(S) € RE™(T).
-j _j
(L6) RE™(S) URE™(T) € RE"™(SU T).
-j _j 5

=Ism

(L7) RE7™(5) = ®™(S))".
-]

(LS) Rlsm <Rlsm (S))
-J -j -j

(L9) RE™(RE™(8))%) = (RE™(S))° .
-] - -]

— RISW! (S).

(L10) R®™(S) =

ISWI <Rlsm (S)>
-j ]
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(L11) Vx € ISMjoU) — R{S'"(X) =X
=]

U1 S SR™(S)

(U2) 11””(@) %)

UK W) = U

(UHR™(SUT) = I””(S) UR(T).
(US)IfS C T,then K™ (S) € R ().
(U6 R™(S) N R’””<S) SRSNT).
U7 R (59 = RE(8))".

)
(U8) Rlsm < Ism(s)> Ism (S).
(U9) R (®™(5)) = R™(S).
S) — Rlsm( Ism(S))

-]
=lsm

(U11) Vx € ISM;O(U) — ;" (X) =

(U10) ™

Proof The characteristics from (U1-U11) and (L1-L11)
are thus satisfied by applying the properties of of ISM;
-interior and ISMj-closure of S.

Definition 5.3 Assume that (U, Qt j) is a j-neigh-
borhood space withS C U. Then, for each j belongs to
{r, 1, (r),<l>, i, u,( } The Mj-upper approxima-
tion,M;-lower apprommatlons,M, boundary regions,M;
-positive regions, Mj-negative regions and M;-accuracy of
S are given, respectively, by:

Ism

. M;(S) = SN R (S).
« M(S) = Rlsm(S) URP'(S).
-j -j -r
. BJM(S) =M;(S) — Df[j(S).

. POSJM(S) =M (S).
-j
. NEGJM(S) =U — M;(S).
Mg OU) = {

Ve, O(U) = { woed
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e oS = , Where |M;(S)| # 0.

Definition 5.4 Assume that (U, Q,Ej) is a j-neigh-
borhood space withSC U. For each j belongs to
{r, L, (r), <1>, i, u, (i), } A set S is named:

1. Exactif M (S) = M;(S) or BJM(S) = @and GJM(S) =1
-j

2. Roughif M (S) # M;(S) or BM(S) # .
-j

The relationships between Mj-approximations and
some of the other approximation types are illustrated
by the following properties.

Proposition 5.2 Assume that (U, Q, £ j) be a j-neighbor-
hood space with S C U. Then.

R/(S) € M,(S);(S) C Ri(S).

=lIsm

Rfsm (S) € M;(8).M;(S) S R ().
Proof:is obvious.

Corollary 5.1 Assume that (U, R,&j) be a j-neighbor-
hood space with S C U. Then.

B (S) < Bj(5).05(5) = 5(S).

BY(S) € B(S).5"(S) < o (S).
Proof: is obvious.

Corollary 5.2 Assume that (U,Q,Ej) is aj-neigh-
borhood space with S C U. Then, if S is j-exact — S is
j-inverse simply exact — S is Mj-exact.

Remark 5.1 The reverse of the corollary 5.2 is not right
in overall as shown in Example 5.1

Example 5.1 The class of all Ag-open sets and vg,
-closed sets are displayed in Example 3.1, respectively:

U, 0,{y}, tvhAwh {z}h (x 2 {y, v} {y wh {y. 2}, v wh vzl fwe z) {xo vz} i vz (o w 2), {ye v whs {y o vez ), {y  waz),
{v,w,z}, {x,y, vz}, {x, w,z}, {x,v,w,z}, {y, v, W,z}

{y} {v}, {w}, {xy} x, v}, {x, w}, {x, z}, {yv} {yw} {v,w}, {xyv} {xyw} {xyz} {x,v,w}, {x,v, z}, {xwz}}
{va}{xva} {xyvz}{xywz} {x,v,w,z}




Salama et al. Beni-Suef Univ J Basic Appl Sci (2024) 13:64

Page 10 of 14

Table 1 Comparison between the boundary regions and accuracy approximations for j € r

P(U) M. E. Abd EI-Monsef M. Hosny M.K. El-Bably Ism-generalization M-generalization
B/(S) o, (5) B (S) o *(S) BI™(S) ;™ (S) Bism(S) o™ (S) BM(S) aM(s)
{x} {x} 0 {x} 0 %] 1 {x} 1 %] 1
{y} {y} 0 2 1 a 1 {y} 1 1) 1
v {y, v, w} 0 I} 1 {v, w} 0 @ 1 @ 1
{w} {y,v,w} 0 1%} 1 {v, w} 0 %) 1 1% 1
{z} {xv} 1/3 {x} Y2 1% 1 {x} 0 %} 1
{x, v} {x v} 0 {x} 172 %] 1 {xy} 1 %] 1
{x, v} {xvy,v,w} 0 {x} 172 {v, w} 1/3 {x} 1 %) 1
{x, w} {xy,v,w} 0 {x} 172 {v, w} 1/3 {x} 1 %] 1
{x,z} {y} 2/3 %] 1 %] 1 %] V5 %] 1
{y,v} {y,v,w} 0 (%] 1 {v, w} 1/3 %] 1 2] 1
{y. w} {y,v,w} 0 @ 1 {v, w} 1/3 @ 1 1] 1
{y,z} {xvy} 1/3 {x} 2/3 %] 1 {x} V2 2] 1
{v, w} {y} 2/3 %] 1 %] 1 (%] 2/3 (%] 1
{v,z} {xvy,v,w} 1/5 {x} 2/3 {v,w} 1/3 {x} 1 %) 1
{w,z} {xy,v,w} 1/5 {x} 2/3 {v, w} 1/3 {x} 1 %] 1
{x,y,v} {x,y,v,w} 0 {x} 2/3 {v,w} %3 {x} 1 (%] 1
{xy, w} Xy v, wi 0 {x} 2/3 {v, w} 1z {x} 1 1] 1
{x,,z} {y} 2/3 %] 1 %] 1 %] ¥4 %] 1
{x,v,w} {xv} 172 {x} % 1%/ 1 {x} 2/3 %) 1
{x,v,z} {y,v,w} 2/5 %] 1 {v, w} Vs %] 1 %] 1
{x, w, z} {y,v,w} 2/5 %) 1 {v, w} s %) 1 %) 1
{y,v,w} {xvy} 172 (%] 1 %] 1 2] Y4 2] 1
{y,v,z} {x,y,v,w} 1/5 {x} 3/4 {v,w} ¥ {x} 1 (%] 1
{y,w,z} {xy,v,w} 1/5 {x} ¥ {v,w} 2 {x} 1 %] 1
{v,w,z} {xv} 3/5 {x} % %] 1 {xy} 1 %] 1
{xy,v,w} Xy} 1/2 {x} Ya %} 1 {x} 4/5 %) 1
{x,y,v,z} {y,v,w} 2/5 {x} % {v, w} 3/5 %] 1 %] 1
{x,y,w,z} {y,v,w} 2/5 {x} ¥ {v,w} 3/5 (%] 1 (%] 1
{x,v,w,z} {y} 4/5 (%] 1 %] 1 {y} 1 2] 1
{y,v,w,z} {x} 4/5 %] 1 %] 1 {x} 1 %] 1
U %] 1 1%} 1 %] 1 (%] 1 (%] 1

As shown in Table 1, we use M. E. Abd El-Monsef in
Definition 2.3, M. Hosny in Definition 2.7, M.K. El-
Bably in Definition 2.9, Definition 5.1, and Definitions
5.3 to calculate the boundary region and approximation
accuracy.

Comparison between M. E. Abd El-Monsef in Defi-
nition 2.3, M. Hosny in Definition 2.7, M.K. El-Bably
in Definition 2.9, Definition 5.1, and Definitions 5.3
respectively.

From the above comparison, we can see that the cur-
rent methods are more accurate than prior ways and
minimise the boundary region, which is highly important
in the rough set context of reducing ambiguity.

6 Plant morphology application

The main goal of this section is to provide real-world
examples that highlight the importance of using the pro-
posed approaches in the context of rough sets.

6.1 Description

Morphology serves as the foundation for categorizing
plants into distinct types. The section introduces a method-
ology for quantifying the similarity between various aspects
of plant morphology, specifically focusing on three key
attributes: (1) plant topological structure which describe
the structural relationship between various organs, (2)
the peripheral outlines of a plant and the contour of each
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branch and (3) the inner features which describe the geo-
metric characteristics such as branching angles and diam-
eters of the different organs. The topological structures are
described using tree graphs and their similarity between
each pair of trees can be calculated based on the cost of
transformation between two graphs using the edit distance
of these graphs and branch degradation. For the two tree
graphs, let one tree be the source tree T and the other be
the target tree T,;. After the branch degradation on both
T, and Ts, we perform certain insertions and deletions to
transform T to T;. The total cost D; (T, T,) of the transfor-
mation is defined recursively as follows
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T1R = {T1,Ts}, ToR = {T2, T3T4, Ts}, TsR = {T3, T4},
T4R = {Tg,T4} and T5R = {TLT5}.

Consequently, the topology that these neighborhoods
produce is.

T = {U, g, (TE)’ (T?n T4)’ (Tl’ TS)r (T3) T4y T5);
(T1, T3, Ty, Ts), (T2, T3, Ty, T5)}.

The family of r-inverse simply open sets of U is
ISM,.O(U) = P(U).

7 Methods
We apply our strategies to this data in Table 3. Our aim
is to classify the sets and measure their exactness and

max {|b(T5)|,|b(Ty)|}

Dy(Ts, Ta) = Dy(T[p(T9)], (T[p(T)]) + >

i=1

Dy(T[b(Ts, )], T[b(Ty4, i))) 1)

where all of the root node’s axial successor nodes exclud-
ing branching nodes are represented by the symbol p(T).
All of the root node’s branching nodes are represented
by b(T). The ith node in this set is represented by b(T, i).
After computing the cost recursively using Eq. (1), we
may obtain the topological structure similarity value
(which ranges from 0 to 1) with 1 denoting the maximum
similarity by employing linear transformations to clamp
the cost computation result within the range between 0
and 1.The transformation equation is defined as follows:
D(Ts, Tq) + [ITs | — [Tqll

T, T) =1—
Se(Ts Ta) 2 MAX (|Ts |, Ta) @

Note that: The presented application is constructed
using practical issues found in [27]. The data were ana-
lyzed, and the results were used to determine the tree
topologies.

6.2 Assumption

Let U= {T T, T3, T4, T5} be a different 5 theoretical
plants. Every theoretical plant is composed of elementary
entities. Their entities connections are not organised the
same way. The similarities between each pair are calcu-
lated by using Eq. (2) and the results of our calculation
of the similarities between each pair of trees are shown
in Table 2. The values range from O to 1 with 1 indicating
exactly the same between two tree structures.

We consider the relation on U which represent high
similarity defined as follow:R = {(TI,TJ-) : St(TI, Tj) >
0.70, i, j = 1,2,3,4,5},ThenT(RT j = {(T1, T1), (T1, T5),
(T27 TZ)! (TZ’ T3)7 (T2r T4)r (T27 T5)! (TSr T3)7 (Tgr T4)’
(T4., T?))’ (T4: T4)’ (TSr Tl): (TS’ TS)}

The following are the right neighborhoods for each ele-
ment of U in reference to relation R:

roughness. we defined different approximations based on
topological structures. This leaves us to get to the mecha-
nism for decreasing the boundary regions and making it
small as possible which is highly important in the rough
set context of reducing ambiguity in data and achieving a
higher accuracy measure.

8 Results

We present a comparative analysis of the proposed meth-
ods with the earlier methods. The methods of M. E. Abd
El-Monsef et al. in Definition 2.3, W. S. Amer et al. in Def-
inition 2.4, the current approach in Definitions 3.1, M.K.
El-Bably in Definition 2.9, Definition 5.1, and Definition
5.3 are used to calculate the boundary region and accu-
racy. From Table 3, it is clear that the best of these meth-
ods given by using our techniques. In this instance, the
boundary areas are canceled. The outcomes are crucial in
removing the imprecision associated with rough sets.

9 Discussion

Therefore, based on the measure values obtained, the
boundary regions and the accuracy measure for exam-
ple the set {T3, T5} using the proposed approaches and

Table 2 Simulated tree structure pairwise similarity

T T2 T3 Ta Ts
Ty 1 033 027 0.54 0.83
T 0.30 1 0.76 0.75 0.71
T3 0.22 0.35 1 0.76 0.44
Ty 0.31 042 0.71 1 0.20
Ts 0.75 033 0.54 0.40 1
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Table 3 Application results between the boundary regions and accuracy measures for j € r

A M. E. Abd EI-Monsef ~ Amer WS The current M.K. El-Bably Ism-generalization M-generalization
method
B, or Br oy B?‘ o rb* Bsm a’m Blrsm aLsm BJM oJ!V'

{7} {3 0 {3 0 T3 0 %) 1 %) 1 @ 1
{2} {72} 0 {T2} 0 {75} 0 o 1 1% 1 1% 1
{73} {5, 15,74 0 (T3} 0 o 1 5,74 0 1%} 1 1%} 1
{T4} {12, T3, T4} 0 {T4} 0 1) 1 {T5, T4} 0 %} 1 o] 1
{Ts} {1, T} 033 {3 0.50 {3 0.50 %] 1 {Ts} 0 %] 1
{, T2} {1, 5 0 {1, 5 0 {1, T2 0 (%) 1 %} 1 %} 1
I, T3 T, T2, T3, T4} 0 UNE) 0 {3 0.50 {T3, T4} 0.33 %] 1 %] 1
{2, T3 {15, T3, Ta} 0 T, T3 0 1% 1 T3, T4 033 @ 1 1%} 1
I, Ta} T, T2, T3, T4} 0 {1, T4} 0 {3 0.50 {T3, T4} 033 %) 1 %) 1
{1, T4} {1, T3, T4} 0 {12, T4} 0 (%] 1 {73, T4} 033 %] 1 %] 1
T3, T4} {75} 067 @ 1 2] 1 o 1 (T} 067 % 1
{h, T3} {T-5} 0.67 (%) 1 %] 1 o 1 {Ts} 0.50 %) 1
{15, Ts} I, T3} 033 {3 0.67 T 0.67 %) 1 {Ts} 0.50 %) 1
{13, Ts} {1, 72,73, T4} 0.20 {1, T2, T4} 040 T 0.67 {T3, T4} 0.33 %] 1 %] 1
{T4, Ts} {1, 75, T3, Ta} 0.20 {1, 1>, T3} 040 {r 0.67 {73, T4} 033 %] 1 %] 1
(UPPHE! M, 7,774 0O {7,734 0 {3 067 {l3,T44 050 & 1 @ 1
{1, T2, T4} {1, T2, 73,744 0 ,7, T4 0 {3 067 {I3,T44 050 @ 1 @ 1
{1, T3, T4} {1, T 0.50 {3 0.67 {3 0.67 %] 1 {Ts} 0.75 %] 1
{1, T3, T4} T} 0.67 o 1 %] 1 o 1 {Ts} 0.75 %) 1
1,75, Ts I} 067 o 1 %) 1 1%} 1 {T5} 067 %} 1
N, T35, T3} {1, T3, T4} 040 {1, T4} 0.60 1% 1 {13, T4} 0.50 %) 1 %) 1
{1, T3, Ts} {1,715, T3, T4} 0.20 {1, T4} 0.60 T 0.75 {73, T4} 0.50 %] 1 %] 1
{T1, T4, Ts} {1, T3, T4} 040 {1, T3} 0.60 %) 1 {75, T4} 0.50 %) 1 %) 1
{15, T4, Ts} {1, 72,73, T4} 0.20 {1, T3} 0.60 s 0.75 {13, T4} 0.50 o 1 %) 1
{T3, T4, Ts} I, T} 0.60 {7, T} 0.60 Ty, T} 0.60 %) 1 1% 1 |%) 1
{12, 15, T {1, T2 050 {1} 075 {1} 075 @ 1 {Ts} 0.80 %) 1
T, 75, T3, Ts} {15, T3, T4} 040 {74} 0.80 1%} 1 {73, T4} 0.60 %] 1 %] 1
{1, T2, T4, Ts} {1, T3, T4} 040 e 0.80 1%} 1 {T3, T4} 0.60 (%] 1 (%] 1
{1, T3, T4, T5} o} 0.80 o} 0.80 {T>} 0.80 %] 1 %] 1 %] 1
{15, 73, T4, Ts} T} 0.80 T} 0.80 {T} 0.80 %) 1 %) 1 j%) 1
U %) 1 %) 1 %) 1 %) 1 %] 1 %] 1
the previous approaches such as M. E. Abd El-Monsef in + Amer WS:

Definition 2.3, Amer WS in Definition 2.4, M.K. El-Bably
approach in Definition 2.9, the Currrent approach (bj*-
open sets) in Definition 3.1, the first method in the Defi-
nition 5.1.2 and the second method in Definition 5.2.2
respectively.

« M. E. Abd El-Monsef:

The boundary region and the accuracy for the set
{TB) T5}

B,({T3, Ts}) = {T1, T, T3, Ta}, 0+({T3, T5}) = 0.20 and
accordingly {T3, T5} is rough set.

The boundary region and the accuracy for the set
{T3, Ts}.

Br({TS; T5}) = {Tb T2$ T4:}1 Ur({TS; T5}) = 0.40
accordingly {T3, Ts} is rough set.

and

. MK. El-Bably:

The boundary region and the accuracy for the set
{Ts, Ts}.

Bi™({T3, Ts}) = {T3, T4}, o;™({T3,Ts}) =0.33
accordingly {T3, Ts} is rough set.

and
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+ The Currrent approach using b; * —open sets:

The boundary region and the accuracy for the set
{T?n TS}

Blr’* (T3, Ts}) ={T1}, cs'r’* ({T3, Ts}) = 0.67 and accord-
ingly {T3, Ts} is rough set.

+ Ism-Generalization method
j — inverse simply open sets:

using

The boundary region and the accuracy for the set
{T3, Ts}.

BIS™M({T3, Ts}) = @, o™ ({T3, Ts}) = 1 and accordingly
{T3, Ts}is exact set.

+ M-Generalization method using j-inverse simply
open sets:

The boundary region and the accuracy for the set
{T?n TS}

BJM({Tg, Ts) = @, c}“({Tg, T5})) =1 and accordingly
{T3, Ts}is exact set.

We can conclude that the proposed approximations
were more precise than earlier techniques and helped
eliminate uncertainty in real-world scenarios that
required precise decisions.

10 Conclusions and future works

The exploration of near open sets holds substantial sig-
nificance in the broader context of generalized rough
set theory. This concept, referred to as near open sets,
furnishes researchers with a powerful tool to expand
the boundaries of rough sets and enhance the precision
of measurements. The original rough set theory faced
limitations due to its reliance on equivalence relations,
on straining its applicability. To overcome this obstacle,
diverse variations of near open sets were introduced, ena-
bling the treatment of imperfect or uncertain knowledge.
A central focal point in rough set theory revolves around
the reduction of boundary regions, with the ultimate aim
of augmenting the precision of decision-making pro-
cesses. This paper introduces innovative methodologies
for extending the scope of rough set theory. Specifically, it
introduces a novel concept termed “j-inverse simply open
sets” within the context of the j-neighborhood space.
These methods facilitate a more robust approximation of
sets while alleviating the inherent imprecision found in
rough sets. The paper rigorously examines the properties
inherent to these methods, which are constructed from
a binary relation that in turn gives rise to essential topo-
logical structures crucial for the proposed approximation
spaces. Surprisingly, the proposed approximation spaces
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preserve all of the properties of Pawlak’s rough sets with-
out the need for extra requirements. This represents a
convergence of broad topology and rough set theory. In
the future, we hope to investigate more applications of
topological notions in rough set.
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