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Abstract 

Background  A new approach based on the Newton–Gauss method is used to find the Weibull parameters.

Results  A Python program was developed to employ the Newton–Gauss method. It is implemented to find Weibull 
parameters and wind potential of Pakistan’s eight cities (Hyderabad, Khuzdar, Multan, Quetta, Bahawalpur, Islama-
bad, Lahore, and Peshawar). Wind speed data recorded at an interval of ten minutes for 2016 is used to implement 
a Python program to calculate wind potential. To compare the values of the parameters, five known methods, 
the empirical method, method of moments, energy pattern factor method, maximum likelihood method, and modi-
fied maximum likelihood method, were also used to model and determine the wind potential. The root mean square 
error, mean absolute error, coefficient of determination, and Akaike information criterion were calculated to compare 
values of wind parameters and average wind speed. The correlation between recorded and modeled Weibull pdf 
was almost 99% for each city.

Conclusions  The new method only caters to those wind speeds that contribute to the wind potential; therefore, 
the average value of the wind speed is the least in the case of the new method. The maximum wind potential 
was observed for Hyderabad.
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1 � Background
Due to their depletion, the Crises of energy reservoirs 
turn the world community’s attention toward perpetual 
and sustainable renewable energy resources. In recent 
years, studies in many countries have taken place for 
the assessment of wind power lines: Australia [1], Saudi 
Arabia [2], Iraq [3], Izmir [4], etc. In South Asian coun-
tries like India, different winding coastal locations were 

analyzed for wind potential using wind energy done by 
[5]. Regarding Karachi, Pakistan, the economic impact of 
wind power potential for the Hawke’s Bay site was con-
sidered in a study by [6].

Different studies also suggest different approaches 
regarding wind speed analyses; for instance, [7] sug-
gested inverse Weibull distribution, and [8] utilized the 
Chebyshev metric. Using different parameter estima-
tions, ground-based Doppler SODAR is also utilized to 
determine wind power density [9]. Wind Assessment for 
Agricultural applications was carried out by [10], while 
[11] utilizes the Weibull distribution function to ana-
lyze seasonal and yearly wind power density and wind 
speed distribution. The same distribution was also uti-
lized from an industrial perspective by [12] for resolving 
three potential issues in strength models for unidirec-
tional fiber-reinforced composites while for the analysis 
of experimental data used by [13], which is obtained from 
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single-fiber strength distributions. Considering the appli-
cation of two and three parametric Weibull distributions, 
the frequency of lower wind speed values and applied 
probability density function is used to analyze the wind 
energy [14].

Comparative studies have also been conducted in 
regions to determine the best estimated Weibull parame-
ters. [15] determined the wind potential for the two loca-
tions on Kiribati Island by comparing different Weibull 
parameters. Katinas et al. [16] estimated the wind power 
generation in Lithuania by using statistical analysis of 
wind characteristics, which are based on the different 
methods of Weibull distribution. Arslan et  al. [17] also 
compared numerical methods for determining Weibull 
parameters for wind potential. Chaurasiya et al. [18] also 
utilized met-mast and remote sensing techniques for the 
comparative analysis of wind through Weibull param-
eters. [19] estimate the Weibull parameters by comparing 
the four methods, including the power density method 
(PDM), mean standard deviation (MSD), rank regres-
sion method (RRM), and maximum likelihood method 
(MLM) for Halaba, Iraq. [20] perform the comparative 
study of five methods, namely, empirical, energy pat-
tern factor, maximum likelihood, modified maximum 
likelihood, and graphical, to get the Weibull parameters 
regarding wind analysis for Phangan island, Thailand.

Several efforts have been made to determine the 
Weibull parameters, for example, by [21] and [9] for 
Spain and Canada. In this respect, innovations and new 
approaches emerged [22] and [23]. Regarding Sindh, 
Pakistan, [24] considered the wind site of Babaurband to 
evaluate the wind production perspective and estimate 
Weibull parameters. Recently, [25] innovated the quar-
tile method for assessing wind potential and determining 
Weibull parameters for three cities: Karachi, Hyderabad, 
and Quetta.

All the existing methods discussed in this manuscript 
determine approximately the same values of shape and 
scale parameters of the Weibull distribution and find the 
same average wind speed and wind potential. It has been 
observed that the wind turbines are not efficient enough 
to harness the same energy as predicted by the exist-
ing models. There could be many reasons: the overesti-
mated average wind speed and wind potential value are 
among them. The new method determines the average 
wind speed lower than the one determined by the exist-
ing method, so it gives a lower potential and is reasonably 
closer to the energy harnessed by the wind turbine.

2 � Data and methodology
2.1 � Weibull distribution
This distribution was first introduced by Swedish Scien-
tist Dr. Walodi Weibull (1887–1979) to characterize the 

behavior of systems or events that exhibit some degree 
of variability. It is a flexible distribution that may include 
features from several other distributions. This property 
has given rise to widespread applications. The Weibull 
distribution is the most widely used for failure data anal-
ysis. The Weibull distribution is a useful statistical tech-
nique for assessing the potential of wind power based 
on collected data and analyzing the data in a frequency 
distribution. The Weibull distribution is one of the most 
widely used in technical practice. It is often used in 
weather forecasting, rainfall, water level prediction, sky 
clearness index classification, and the theory of reliability 
and lifetime.

2.1.1 � Probability distribution function (Pdf)
The wind speed probability density function (Pdf), also 
known as the wind speed distribution, is used in wind 
energy analysis. The pdf is given by

Here, f (v) is the probability of observing wind speed (v). 
The dimensionless shape parameter (k) and scale param-
eter (c) with unit m/s [26, 27] and [28]. One of the key 
characteristics of the Weibull distribution that makes it 
more relevant for wind applications is that once these 
parameters are determined at one height, they can be 
adjusted to multiple heights.

2.1.2 � Cumulative distribution function (CDF)
The area obtains the cumulative distribution function 
(CDF) under the curve of Weibull Pdf.

2.2 � Method of estimating Weibull parameter
Six different approaches have been used to calculate wind 
speed, including maximum likelihood estimation, modi-
fied maximum likelihood estimation, the technique of 
moments, the energy pattern factor method, the empiri-
cal approach, and the new approach, the Newton–Gauss 
method.

2.3 � Maximum likelihood method (MLM)
The most popular method for parameter estimate is the 
maximum likelihood method (MLM). The likelihood 
function is generated, and optimization conditions are 
used to find the values of ‘k’ and ‘c’ (see Eqs. (3) and (4)).
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2.4 � Modified maximum likelihood method (MMLM)
The modified maximum likelihood method employs deter-
mining Weibull distribution by its likelihood function. This 
method differs from the maximum likelihood method as 
one needs group data to determine the maximum value. 
The maximum likelihood method can be used for groups 
and ungroup data. Equations (5) and (6) are the optimiza-
tion results to find the values of ‘k’ and ‘c.’

2.5 � Method of moment (MoM)
One of the simplest techniques is the method of the 
moment; it relies on the first moment about the origin and 
the second moment about the mean. It is an alternative to 
MLM [8]. It determines parameter estimation from the 
mean wind speed v and standard deviation σ.

where Ŵ is the gamma function.

2.6 � Empirical method (EM)
The empirical method could be considered a special case 
of the moment method. Justus and Mikhail presented this 
approach in 1977. Using the standard deviation σ and aver-
age wind speed v, he estimated the values of k and c.
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2.7 � Energy pattern factor method (EPFM)
This method relies on e averaged wind speed data and their 
cube. The energy pattern factor ( Epf  ) is computed by divid-
ing the average cube of wind speed (v3) by the cube of aver-
age wind speed (v3) by the equation as

Once you get the energy pattern factor, put it in this 
equation.

2.8 � Method of Newton–Gauss (MNG)
Nonlinear least squares problems are resolved using 
the Newton–Gauss  approach, comparable to minimiz-
ing a sum of squared function values. It is a development 
of Newton’s method for locating a nonlinear function’s 
minimum. Since a sum of squares cannot be negative, the 
technique can be thought of as iteratively approximating 
the zeroes of each component of the total using Newton’s 
method, reducing the sum.

The least square is used to select a parameter.

f (v) are taken from Eq. (1),

where F is the vector-valued function.
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The gradient of f is,

The hessian matrix is,

It computes a search direction using the formula of the 
Newton–Gauss method and determines the best values 
of the parameters;

Newton–Gauss is an iterative method (Fig. 1).
The Newton–Gauss approach is an iterative method 

that approaches the best values of shape and scale 
parameters. An initial guess of shape and scale param-
eters is provided, the code determines new values of the 

∇f (v) = ∇F(v)F(v)

∇
2f (v) = ∇F(v)T∇F(v)

∇
2f (v)(k , c) = −∇f (v)

(14)(k , c) = −
∇f (v)

∇2f (v)

parameters, and the process continues each time new 
values are found by using the previous values till the dif-
ference between them is minimized.

This approach does not converge if.
	(i)	 the initial value of either the shape or scale param-

eter is zero or negative and
	(ii)	 The shape and scale parameters are much greater 

than the average wind speed value.

The best initial choice for the parameters is the average 
wind speed value.

3 � Selection of stations for wind speed distribution
The research was planned to study wind potential avail-
ability in each province of Pakistan. Therefore, wind 
speed data was collected for important and provincial 
capitals in addition to the federal capital of Pakistan. The 
environment and weather vary from city to city, so they 
have different wind potential. This study also classifies 
these cities based on the wind potential, e.g., Hyderabad, 
a city in the Sindh province of Pakistan with the highest 
wind potential. In contrast, Peshwar has the lowest wind 
potential among the eight cities under study.

The following factors were considered in the city selec-
tion process:

3.1 � Geographical diversity
We aimed to include cities from different regions within 
the study area to capture the variability of wind patterns 
across different geographical locations.

3.2 � Population centers
We selected cities that are significant population centers 
to ensure that our findings have relevance and potential 
impact on a larger scale.

3.3 � Availability of data
We prioritized cities with reliable and sufficient wind 
speed data, which was crucial for conducting a compre-
hensive analysis.

By incorporating these criteria, we believe our city 
selection process is adequately justified and transparent.

4 � Results
Wind speed distribution usually follows an unimodal 
function; many different unimodal functions are sug-
gested for modeling wind distribution, and one of the 
most frequently used functions is Weibull distribution. 
A Weibull distribution with three and two parameters 
has been used for modeling wind speed distribution; 
however, two parameters of the Weibull function are suf-
ficient for the modeling. Scientists evaluating Weibull 
parameters develop various techniques and methods; 

Fig. 1  Flowchart of the Python program to calculate Weibull 
parameters using a new method
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all methods overestimate wind potential. It is believed 
that the potential calculated by these methods is actual 
potential, but no wind turbine can exploit the potential 
associated with the wind. Newton Raphson’s method is 
one of the best for obtaining independent variable values 
to optimize the function. Its extended version, the New-
ton–Gauss method, can be used for a function of multi-
ple independent variables. Since the Weibull distribution 
has two parameters, this method can be used to find its 
parameters. A computer program in Python has been 
developed to determine the Weibull parameters.

The Weibull parameters for wind distributions of nine 
cities of Pakistan (Karachi, Hyderabad, Quetta, Khuzdar, 
Multan, Bahawalpur, Lahore, Peshawar, and Islamabad) 

have been found for wind distributions in 2016. To com-
pare the parameters determined by the Newton–Gauss 
method, five already known methods (empirical method, 
energy pattern factor method, method of moment, 
maximum likelihood method, and modified maximum 
likelihood method) were also used to determine these 
parameters. The coefficient of determination is also cal-
culated for each method. Six different errors (root means 
square error, mean absolute error, coefficient of deter-
mination, and Akaike information criterion) have been 
used to compare the parameters obtained by new and 
existing methods. The results are given in Table 1 for all 
nine cities. The first two rows in each table show the scale 
and shape parameters (k & c). The next six rows show 

Table 1  Comparison of k and c between the Newton–Gauss method and five other methods with corresponding statistical errors for 
eight cities under study

EPM MoM EPFM MLM MMLM New EPM MoM EPFM MLM MMLM New

Peshawar Lahore

k 2.672 2.658 2.431 2.425 2.426 2.357 k 2.395 2.378 2.242 2.300 2.299 1.959

c 3.074 3.075 3.082 3.050 3.050 2.807 c 4.374 4.375 4.378 4.365 4.364 3.723

RMSE 0.008 0.008 0.012 0.010 0.010 0.003 RMSE 0.010 0.010 0.009 0.009 0.009 0.012

MABE 0.004 0.004 0.005 0.004 0.004 0.002 MABE 0.004 0.004 0.004 0.004 0.004 0.006

R2 0.998 0.998 0.995 0.996 0.996 1.000 R2 0.993 0.994 0.995 0.995 0.995 0.990

AIC 183,745 183,163 174,679 172,939 172,947 159,900 AIC 202,303 201,799 198,020 199,247 199,202 178,636

Ave. speed 2.733 2.733 2.733 2.704 2.704 2.488 Ave. speed 3.878 3.878 3.878 3.867 3.866 3.301

Khuzdar Multan

k 2.328 2.306 2.278 2.244 2.241 2.286 k 2.315 2.297 2.233 2.213 2.214 2.331

c 5.025 5.025 5.026 5.003 5.001 4.760 c 3.470 3.470 3.471 3.451 3.451 3.347

RMSE 0.003 0.003 0.003 0.003 0.003 0.005 RMSE 0.007 0.007 0.006 0.005 0.005 0.003

MABE 0.002 0.002 0.002 0.002 0.002 0.003 MABE 0.004 0.004 0.004 0.003 0.003 0.002

R2 0.999 0.999 0.999 0.999 0.999 0.998 R2 0.998 0.998 0.998 0.999 0.999 1.000

AIC 226,196 225,557 224,722 223,313 223,194 220,034 AIC 185,956 185,412 183,458 182,261 182,290 182,761

Ave. speed 4.452 4.452 4.452 4.431 4.430 4.216 Ave. speed 3.074 3.074 3.074 3.056 3.056 2.965

Quetta Bahawalpur

k 2.154 2.135 2.102 2.100 2.102 2.301 k 2.420 2.405 2.337 2.357 2.354 2.605

c 4.361 4.361 4.361 4.350 4.350 4.127 c 4.262 4.262 4.264 4.256 4.255 4.097

RMSE 0.014 0.014 0.015 0.014 0.014 0.010 RMSE 0.010 0.010 0.012 0.011 0.011 0.005

MABE 0.008 0.008 0.008 0.008 0.008 0.007 MABE 0.005 0.005 0.006 0.006 0.006 0.003

R2 0.989 0.989 0.989 0.989 0.989 0.994 R2 0.994 0.994 0.993 0.993 0.993 0.998

AIC 209,857 209,447 208,769 208,545 208,580 209,875 AIC 167,772 167,521 166,440 166,595 166,545 168,252

Ave. speed 3.862 3.862 3.862 3.852 3.853 3.656 Ave. speed 3.779 3.779 3.779 3.772 3.771 3.639

Hyderabad Islamabad

k 2.413 2.396 2.397 2.419 2.417 2.666 k 2.156 2.135 2.078 2.000 2.000 2.023

c 6.862 6.863 6.863 6.874 6.873 5.222 c 3.495 3.495 3.494 3.451 3.451 3.209

RMSE 0.010 0.010 0.010 0.010 0.010 0.040 RMSE 0.010 0.010 0.009 0.007 0.007 0.003

MABE 0.005 0.004 0.004 0.005 0.005 0.023 MABE 0.004 0.004 0.004 0.003 0.003 0.002

R2 0.984 0.985 0.985 0.984 0.984 0.885 R2 0.994 0.995 0.995 0.997 0.997 1.000

AIC 253,691 253,494 253,496 253,916 253,871 258,848 AIC 193,599 192,562 189,806 185,082 185,069 179,581

Ave. speed 6.084 6.084 6.084 6.095 6.093 4.642 Ave. speed 3.095 3.095 3.095 3.058 3.058 2.843
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the errors calculated for each existing and new method. 
The last row shows the average wind speed calculated by 
these methods. The shape parameter determined by the 
new method does not differ significantly from that deter-
mined by known methods; however, the scale parameter 
determined by the new method has the lowest value for 
all cities and all years. Since the scale parameter meas-
ures average wind speed, the average wind speed deter-
mined by the new method is the lowest. This gives a wind 
potential, i.e., more realistic than the one obtained by 
wind turbines.

4.1 � Statistical error
RMSE in Weibull parameter estimation is remarkable; 
its value for the new method is the lowest for Multan, 
Islamabad, Peshawar, Bahawalpur, and Multan. The coef-
ficient of determination is around 99% for all cities and 
all methods. The values of MABE are excellent for all 
methods; the new method has the lowest values for Mul-
tan, Peshawar, Bahawalpur, Islamabad, and Quetta. AIC 
values for the new method are least for Peshawar, Lahore, 
Islamabad, and Khuzdar. All these values indicate the 
new method is a competitor of existing methods.

5 � Discussion
There are two important points to be noted when the 
Newton–Gauss method is utilized to calculate Weibull 
parameters.

	(i)	 The wind distribution should have only one Global 
minimum and be close to the Weibull distribution.

	(ii)	 Newton–Gauss Method does not converge if the 
initial guesses are far from the actual values of 
the parameters. To avoid this problem, a criterion 
was set for initial guesses for the shape and scale 
parameters; the initial value is the average value of 
the data plus one for both parameters.

5.1 � Pdfs of wind speed distribution
In Fig.  2, eight subfigures correspond to Hyderabad, 
Khuzdar, Multan, Quetta, Bahawalpur, Islamabad, 
Lahore, and Peshawar. Each represents a correspond-
ing histogram generated from the wind speed distribu-
tion of the wind speed data recorded every ten minutes. 
Each histogram is also represented by the pdfs of Weibull 
distribution obtained from five known and one new 
(Newton–Gauss) method. The pdf drawn by the Weibull 
parameters obtained by the new method slightly differs 
from other pdfs; it only caters to those speeds that effec-
tively contribute to the wind potential. It does not include 
lower speeds at the histogram’s tail, so the new method 
calculates the wind speed value and potential. The wind 
potential calculated by the new method is closer to the 

wind potential generated by wind turbines for a particu-
lar place. Hence, the new method finds more realistic 
potential than other methods.

5.2 � Wind rose diagram
The wind rose diagram in Fig. 3 gives the wind speed pat-
tern of eight cities in Pakistan. It is drawn with the help 
of wind speed and its direction. It helps in deciding on 
installing wind turbines at a particular site. The wind 
speed distribution of Hyderabad showed the maximum 
wind potential among the eight cities under study. In 
Hyderabad, the wind blows from the Southwest most of 
the time; the wind blows in this direction almost 51% of 
the time. In Quetta, the most frequent wind directions 
are Northwest and Southeast; the wind blows almost 
24% of the time in each direction. In Khuzdar, the most 
frequent direction is Northwest; the wind blows almost 
30% of the time in this direction. The most frequent wind 
directions for Bahawalpur, Islamabad, Lahore, Multan, 
and Peshawar are North, West, Southeast, Southeast, and 
Southwest, respectively. Hyderabad’s contribution in the 
most frequent direction is maximum; therefore, its wind 
potential is the highest.

5.3 � Wind potential
Figure 4 shows the eight cities’ power densities calculated 
by EPM, MoM, EPFM, MLM, and MMLM. The highest 
wind potential is found in Hyderabad, which is more than 
double the other seven cities. The order of cities accord-
ing to the wind potential is Hyderabad, Khuzdar, Multan, 
Quetta, Bahawalpur, Islamabad, Lahore, and Peshawar. 
The available wind potential calculated by the EPM, 
MoM, EPFM, MLM, and MMLM is higher than that cal-
culated by the new method. The wind potential calcu-
lated by the new method is almost half that calculated by 
other methods. The wind potential obtained from wind 
turbines is also far behind that calculated by EPM, MoM, 
EPFM, MLM, and MMLM methods. The available wind 
turbines are believed to convert 20–40% of the available 
wind potential. The wind potential calculated by the new 
method is closer to that obtained by wind turbines; the 
other method overestimates the wind potential; however, 
its value calculated by the new method is more realistic.

6 � Conclusion
A Python program was developed to determine the 
Weibull parameters using the Newton–Gauss method. 
The new method has calculated the shape and scale 
parameters and compared them to those calculated by 
EM, MoM, EPFM, MLM, and MMLM. The shape param-
eter determined by the new method is comparable to that 
determined by the known method. The scale parameter 
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Fig. 2  a–h Pdfs generated by five known and new methods to compare wind distributions of cities Hyderabad, Quetta, Khuzdar, Multan, Lahore, 
Bahawalpur, Islamabad, and Peshawar
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Fig. 3  a–h Wind rose diagram for wind distributions of cities Hyderabad, Quetta, Khuzdar, Islamabad, Peshawar, Bahawalpur, Multan, and Lahore
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determined by the new method has the lowest values for 
all nine wind distributions for all eight cities. The average 
value of wind distribution calculated by the new method 
is also the least, indicating the lowest and most realistic 
wind potential measured by the new method. The mod-
eled pdf generated by parameters determined by the new 
method has the least RMSE values for most of the wind 
distribution data sets. The AIC values for eight data sets 
of wind distribution are the lowest for the new method 
for four cities, and in other cases, they are close to those 
measured in known methods. Hence, the new method 
stands as the best among compared known methods. 
The coefficient of determination is almost 99% for all 
the wind distributions. The maximum wind potential is 
observed in Hyderabad. The wind rose diagram indicates 
that Hyderabad is the only city where the most frequent 
wind direction is Southwest; all other directions have 
nominal wind potential.
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Fig. 4  The power densities were calculated by EPM, MoM, EPFM, 
MLM, and MMLM for the eight cities
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